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•    PREFACE 

This  section  carries  the  graphic  analysis  of  states  of  stress 
forward  to  the  determination  of  contours  of  bulge  and  depression 
in  the  shafting  applying  the  elementary  principles  of  Section  I, 
which  shows  that  displacement  curves  bisect  the  angle  l)etween 
the  curve  of  greatest  shear  and  principal  stress.  By  this  method 
the  planes  of  rupture  arc  readily  located  and  rupture  itself  is 
found  to  be  caused  by  the  joint  effect  of  shear  and  principal  stress. 

(iraphic  analysis  gives  a  clear  insight  into  the  flexure  of  plates, 
di.sciosing  that  the  squeeze  or  stretch  of  the  neutral  plane  of  the 
plate  is  an  important  element  in  its  resistance  heretofore  disregarded 
in  mathematical  analysis.  The  reverse  sign  of  the  twist  of  a  vertical 
element  alxjve  and  below  the  neutral  plane  renders  futile  the  analysts* 
endeavor  to  corrclntr  the  phenomena  of  plate  action  with  the 
coefficient  K  of  la  n traction  under  pure  tensile  strem.    The 

curves  of  greatest  siuar  make  an  angle  of  45"  to  the  direction 
of  the  principal  pure  stress  in  developing  the  deformation  repre- 
sented by  the  coefficient  K  whereas  in  plate  action  wide  variation 
of  angularity  of  the  curves  of  greatest  shear  with  the  lines  of  prin- 
cipal radial  stress  occurs  demonstrating  the  unrelated  nature 
of  the  phenomena. 

It  is  thought  that  the  new  method  of  investigation  will  give 
the  student  that  concise  conception  of  the  rolati(»n  of  states  of 
stress  to  deformation  involved  in  the  problem-  un<li  i  (onsidera- 
tion  HO  diffirult  to  convey  by  the  involved  equations  of  the  mnth- 
ematicai  theory  of  elastic  solids  ami  so  in  time  tend  to  eliminate 
fundamental  errors  in  the  riil(>s  of  design  in  buiUiitig  code  laws. 

The  reader  is  indebted  almost  entirely  for  Chapter  XVI  to 
the  work  of  the  author's  co-worker,  Dr.  H.  T.  Eddy,  and  for  his 
joint  work  on  portions  of  Chapters  XIII  and  XIV.  tMM»  Concrete 
Steel  Construction.  Had  Dr.  Eddy  been  spared  to  co-operate 
in  the  presentation  of  stress  line  analysis  as  he'  was  planning  to 
do  just  liefore  his  death  the  matter  would  have  been  presented 
in  a  better  manner  by  aid  of  his  superior  mathematical  ability. 
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CHAPTER    XII 

AND   APPROXIMATE   ANALYSIS   OF   SIMPLE   TORSION 
OR  TWIST  OF  ROUND  SHAFTS  AND  COMBINED  TORSION 
AND  FLEXURE  THEREIN 

I.  Torsion  occurs  when  a  body  is  nct4*d  up<3n  by  two  couples 
or  moments  of  opposite  sign,  as  in  shafting  transmitting  power  to 
machines. 

As  the  deformations  involved  are  complex,  they  may  best  be 
explained  by  reference  to  a  model.  Soft  vulcanized  rubber  is 
ideal  for  this  purpose,  since  its  limit  of  elastic  deformation  is  so 
much  greater  than  po88ess<»d  by  materials  of  construction  that  the 
elastic  deformations  can  be  made  so  large  that  their  nature  and 
character  may  be  observed  without  difficulty. 

Upon  a  cylindrical  piece  of  rubber,  say  f-inch  in  diameter  and 
six  inches  long,  draw  parallel  lines  on  the  surface  along  elements 
a  (juarter  inch  apart.  Draw  normals  to  these  around  the  circular 
section,  also  spaced  a  quarter  inch  apart.  Clamp  one  end  and 
twist  the  other. 

By  twisting,  the  elementary  quarter  inch  squares  have  become 
deformed  by  shear  into  rhomboids.  The  circular  transverse  lines 
still  remain  in  planes  normal  to  the  axis  but  the  longitudinal 
elements  or  lines  will  l)e  deformed  into  spirals,  and  the  longitudi- 
nal diametral  plane  of  their  original  position  has  become  deformed 
into  a  riblx)n  spiral  in  which  the  elongation  of  fibers  parallel  to 
the  axis  increases  approximately  as  their  radial  distance  from  the 
axis. 

The  reaction  of  this  spiral  stretching  is  a  longitudinal  com- 
pression shortening  the  length,  greatest  at  the  surface  and  for 
some  distance  below.  The  s^iueeze  of  the  spiral  twist  caus<»s  radial 
compression  on  all  transverse  secti<»ns  of  intensity  incn«asing  toward 
the  axis.  This  lateral  compn»s«ion  induci«s  longitudimd  cloncntinn 
and  the  resultant  change  in  length  is  the  resultant  of  tli< 
opposite  effects. 

From  the  principle  that  volume  is  a  kinetic  invariant  of  elastic 
strain  and  the  linear  law  of  incream*  in  spiral  tenmons,  the  neutral 
cylinder  lietween  the  lones  <rf  longitudinal  elongation  and  shorten- 
ing (or  tension  an<l  oompresnon)  is  .707!  x  H  or  .707  1  !l  frc»m 
the  axis. 
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Neutkal  CvUNDUt  3 

For  suj»|M>>«  the  rubber  shaft  bo  twisted  thru  such  an  angle 
that  on  the  surface  points  a  unit  apart  on  an  element  have  shd  by 
each  other  half  a  unit.  Then  half  way  between  the  surface  and 
the  center,  points  on  the  same  radius  have  slid  by  each  other  half 
a  unit — the  spiral  displacement  therefore  has  half  as  great  pitch 
on  a  central  cylinder  of-half  the  diameter.  The  difference  in  pitch 
shows  a  twist  about  each  radial  line  and  were  it  not  for  the  presence 
of  twisting  shears  al>out  the  railius  as  an  axis  the  torsional  shears 
would  set  up  on  the  surface  principle  tensions  and  compressions 
at  forty-five  degrees  to  the  axis  of  the  shaft. 

The  twist  about  the  axis  is  balanced  by  tensions  and  compres- 
sions along  the  diagonal  of  the  elementary  squares  which  serves 
to  shift  the  torsional  shears  along  the  shaft,  and  thereby  equilibrate 
the  torsional  couple  at  one  end  by  the  resisting  or  power  couple  at 
the  other  end. 

Considering  the  squares  deformed  into  rhomboids  on  the  surface, 
it  is  evident  that  the  t<>nsion  (elongated)  diagonal  makes  an  angle 
greater  than  45°  i<>  ihc  axis  and  the  compres-sion  (shortened) 
diagonal  makes  an  angle  1^  than  45**. 

Where  this  relation  holds  the  length  of  the  fibers  parallel  to 
the  axis  are  shortened  since  the  intensity  of  the  principal  diagonal 
tension  equals  the  intensity  of  the  diagonal  compression  (as  shown 
in  Art.  4,  Chapter  II)  and  the  compression  component  would 
exceed  the  tensile  component  parallel  to  the  axis  where  the  angle 
of  the  former  is  less  than  45 **  to  the  axis. 

At  r—  .7071  R  l)oth  diagonals  make  the  same  angle,  i.e.,  45®  to 
the  axis,  the  elements  of  the  cylinder  iwirallel  to  tho  axis  having  a 
radius  .7071  of  the  half  diameter  of  the  prisii  uiirhanged 

in  length  and  the  strain  upon  the  cyhnder  of  tins  nuiiuH  \»  a  two 
dimensional  strain  only. 

Ab  r  becomefl  less  than  .7071  R,  the  angle  of  inclination  changes 
sign  from  the  45"*  dir(H>tion  and  all  elements  after  strain  parallel 
to  the  axi"  nnd  Ht  n  distance  •)i<.ri.fr<.iii  li-^^  «hnn  7071  li  arc 
elongate<l. 

The  value  of  .7071  R  for  the  radius  of  the  neutral  cyUntler  is 
fixrtl  by  the  static  contlition  of  e<|uilibrium  that  the  twist  of  the 
pnricipid  stresses  from  15"  nlniut  a  ra<lius  in  one  direction  outside 
of  the  neutral  cylintln  mu-t  <  <junl  or  bftlance  the  twist  in  the  other 
direction  inside  of  the  neutral  cylinder  that  the  detwrturt*  from  45" 
direction  may  be  the  least  that  the  elastic  restraint  pt^nnits. 

rii*v.4-   tliagoDal  tenttons  and  campn»ssions  upon  all   |uirallel 


4  Contours 

annular  rings  are  principal  stresses  on  these  surfaces  which  shift 
the  shear  along  the  axis  of  torsion. 

'  2.  Direction  of  the  Curves  of  Greatest  Shear  and  Prin- 
cipal Stress  on  the  transverse  sections  may  be  located  by  the  inter- 
sections of  equally  spaced  radial  and  circular  coordinates.  On  any 
right  cross-section  of  the  circular  shaft  under  torsion,  draw  vertical 
and  horizontal  diameters;  divide  the  vertical  radius  into  four 
equal  divisions  and  draw  construction  circles  there  thru  dividing 
the  diameter  into  eight  equal  parts.  Since  the  applied  forces  of 
the  torsion  couples  are  180  degrees  apart  divide  the  half  perimeter 
into  four  equal  parts  just  as  the  radius  was  divided  into  four  equal 
parts  and  draw  diametral  lines  there  thru.  Construct  right  and 
left  spirals  thru  the  intersection  of  the  circles  and  radials  as  shown 
in  the  right  hand  corner  of  Fig.  T-1.  The  curves  of  greatest  shear 
become  tangent  to  a  radial  line  at  the  center  180°  from  their  origin 
on  the  exterior  boundary.  The  longitudinal  shear  is  zero  along  all 
radial  lines.  Hence  all  radials  are  lines  of  principal  stress  (com- 
pression because  of  the  squeeze  of  twisting).  Likewise,  all  con- 
centric circles  are  lines  of  principal  tension. 

Circles  drawn  thru  the  intersection  of  the  lines  of  greatest  shear 
between  the  equally  spaced  construction  lines  will  thus  represent 
equal  contours  of  bulge  but  not  of  volume  of  longitudinal  stress 
intensity  because  change  in  form  is  a  function  not  only  of  stress 
volume  but  of  resisting  section  as  well. 

The  relation  of  the  coordinates  of  the  shear  curves  to  the 
contours  of  bulge  or  end  curvature  may  be  stated  as  follows: 

Equal  increments  of  lever  (i.e.,  divisions  of  the  radius)  and 
equal  relative  increments  of  rotation  (i.e.,  divisions  of  r  R)  deter- 
mines the  +  and  —  shear  curves  whose  intersections  mark  contours 
of  equal  increments  of  bulge.  The  following  relations  may  be 
utilized  to   determine  the   contours  of  relative   stress  intensity. 

Because  the  rotational  strain  about  the  axis  is  constant  thruout 
360  degrees  of  the  area  of  any  transverse  section  the  unit  shear 
stress  is  also  constant  hence  the  stress  volume  (area  times  unit 
stress)  increases  outward  from  the  center  as  the  area  of  a  triangular 
sector.  Divide  this  area  into  four  -equal  parts.  The  radius  of  the 
first  equal  division  will  be  R/2,  the  second  will  be  .7071  R,  the 
third  will  be  R^j  .75  =    .86602  R. 

For  kinetic  invariance  of  volume  there  must  be  as  many  divi- 
sions inside  as  outside  the  neutral  cylinder  which  is  located  at 
r—  .7071  R  {R  being  the  external  radius  of  the  shaft  and  r  being 
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radltis  of  ihf  neutral  cylinder,  e.g.,  the  8tre«»  volume  of  com- 
on  equals  the  stress  volume  of  tension).  The  material  within 
the  radius  r— .7071  is  therefore  elongated  and  outside  of  this 
radius  it  is  compressed  or  shortened. 

To  determine  the  direction  of  the  greatest  shears  on  a  longi- 
tudinal diametral  plane  project  the  points  of  division  just  noted 
across  the  elevation  parallel  to  the  axis,  draw  o/ and  a'/ and  from 
consecutive  intersection  of  the  diagonals  with  the  horizontals 
draw  the  verticals  bed,  b'c'd';  then  will  these  verticals  be  contours 
of  equal  longitudinal  stress  volume.  This  is  true  since  the  angle 
of  rotation  is  constant  from  the  end  to  the  center  and  the  longi- 
tudinal stress  volume  hence  increases  following  a  linear  law  and 
its  division  in  the  longitudinal  plane  is  similar  to  that  in  the  trans- 
verse plane  L/2  being  the  unit  of  length  instead  of  D  2  in  the 
transverse  plane.  The  lines  of  greatest  shear  will  be  curves  drawn 
thru  thi»«e  points  of  intersection.  The  principal  stresses  on  the 
diametral  plane  are  parallel  or  normal  to  the  axis. 

Since  the  squeeze  of  twisting  is  from  the  surface  toward  the 
center  the  compression  which  causes  the  end  of  the  rubber  pri.'»m 
to  bulge  increases  in  intensity  from  the  outside  to  the  center. 

Conversely  as  the  tension  by  spiralling  an  element  parallel  to 
the  axis  increases  as  the  distance  from  the  axis,  circumferential 
tensions  on  all  transverse  sections  increase  from  the  center  outward. 
As  this  increase  of  unit  intensity  follows  the  linear  law  and  the 
diameter  of  the  sections  affected  increases  also  as  the  radius  of  the 
ring  the  unit  intensity  of  ring  tensions  increases  as  the  square  of 
the  distance  from  the  axis,  (^onversely  the  radial  compression 
which  represents  the  reaction  of  the  ring  tensions  decreases  as  tlie 
square  of  the  distance  from  the  center  from  the  maximum  at  the 
center  to  zero  at  the  surface.  The  relative  intensities  of  these 
stresses  are  derived  graphically  in  Fig.  T-1,  lower  part. 

3.    Reverse  Summation  of  Tension  and  Compression  i« 

thus  a  fundamental  charactcriktic  of  twi.Ht  or  torsion  illustrated  by 
the  curve  of  radial  compressions  increasing  from  the  outer  surface 
ward  and  of  the  circumferential  or  ring  tensions  increasing  from 
TO  at  the  center  to  a  maximum  at  th»'  otiter  surfact». 


The  Law  of  Summation  of  Angular  Deformation  is  from 
the  center  toward  the  end  since  the  twist  at  one  end  balances  the 
reaction  at  the  other,  clastic  equilibrium  must  occur  at  the  center. 
Hence  angular  deformations  sum  from  the  center  toward  the  end 
following  the  linear  law. 
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6  Curve  of  Bulge 

Not  only  do  the  radial  compressions  and  circular  tensions 
present  the  reverse  law  of  summation  but  the  longitudinal  com- 
pressions and  tensions  as  well.  ^ 

Thus  spiralling  of  originally  straight  elements  stretching  them 
an  increasing  amount  according  to  a  linear  law  from  the  center 
to  the  surface  tends  to  produce  a  conical  bulge  in  transverse  sections 
increasing  from  the  longitudinal  center  toward  the  end. 

The  parabolic  variation  in  intensity  of  the  radial  compressions 
tends  to  produce  a  parabolic  change  in  form.  Combining  these 
two  constituents  the  resultant  radial  curvature  of  the  end  section 
would  be  a  third  degree  curve  whose  origin  is  at  the  axis  of  the  shaft. 

While  the  minute  deformations  of  the  simple  shaft  are  of 
academic  rather  than  practical  importance,  a  clear  understanding 
of  the  torsion  problem  is  vital  to  the  development  of  the  laws  of 
shear  deformation  accounting  for  the  great  resistance  of  combined 
twisting  and  bending  in  plates. 

f7G.    TZ.    Rocnd  5haff. 
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4.     Comparative  Twisting  and  Bending  Resistance  of  a 
Round  Shaft: 

(a)     For  Torsion  (Art.  15,  Chapter  I,  Section  I),  the  maximum 
intensity  of  the  unit  fiber  stress  /  equals  the  maximum  intensity 
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the  unit  shearinK  stress  and  q^MR/J  m  which  R  is  the  half 
ter  of  the  shaft. 

(b)     Likewise  for  bending  the  extreme  fiber  stress /«3//?/. 

But  since  /  is  numerically  twice  as  f^reat  as  /  a  round  shaft 
can  resist  twice  the  applied  twisting  moment  that  it  can  support 
in  bending  and  the  same  is  approximately  true  for  the  square  shaft. 

This  relation  indicates  the  imiH^rtance  of  careful  hv. 
of  the  iH'mling  stresses  in  shafting  and  their  practical  r< 
a  minimum  by  placing  heavy  pulleys  as  near  the  supporting  l>earings 
as  possible. 

5.  Computation  of  Angular  Distortion:  Let  L  equal  the 
length  of  the  shaft  subjected  to  a  twisting  moment  inducing  the 
fiber  stress /and  let  f=  the  modulus  of  rigidity;  then  the  angle  of 
torsion  0  in  radians*  is 

2/L       /L 

■j-  0  —  =  —     (£  and  d  being  in  inches) 

Fd       FR 
See  Chapter  III,  Art.  4,  Sec.  L 

2/L       180^       1375 /L' 

0  in  degrees  «  —  X — 

Fd         T  Fd 

in  which  for  convenience  L  is  given  in  feet,  and  d  in  inches. 

6.  Diameter  **d**  of  a  Round  Shaft  to  Resist  a  Given 
Twisting  Moment:  <M),  is  computed  as  follows: 

J5mcc3/  "  fJ/R  -  d»//l6 


YSAM 

d-/ 

V     / 
and  for  a  hollow  shaft  of  external  diameter  d  andinternal  diameter  cf| 

VSAM 

d  ■•  / % 

V(l-rf}/rf«)/ 

7.  The  Diameter  "d"  of  a  Shaft  to  Transmit  m  Certain 
Number  of  Horse  Power  HP  at  a  Qiven  Number  of  Revolu- 
tions N  per  Minute  is  determined  as  follows: 

•  A  Radian  Miuali  180/v-A7«l7'44". 

t/  Um  fiber  ttrsM  intensity  equaU  q  tbe  •bearing  »Utm  int«o«tty  in 
pure  torsion.     Art.  17,  Chap.  I,  ^c    i 


8  Working  Stresses 

The  work  expended  in  inch  pounds  per  minute  is  12  X  33,000 
X  HP  and  this  equals  the  statical  twisting  moment  M  in  inch 
pounds  multiplied  by  the  angular  motion  2TrN  of  the  shaft  in  the 
same  time. 

12  X  33,000  X  HP  HP 

Hence  M  =  =  63024 

2wN  N 

Substituting  this  value  of  M  in  terms  of  horsepower  and  number 
of  revolutions  in  the  formulas 


/5.1M           763024//P 
d  =  I =        / X  5. 1 

V      /  V      iv/        

yup 

.-.For/  =  5000  d  =  4/ 

V  iV 

customarily  used  in  shop  practice  for  transmission  shafts  for  mild 
steel  carrying  no  pulleys. 

In  the  uniform  transmission  of  a  given  horse  power  the  torsion 
on  the  shaft  is  inversely  proportional  to  the  rapidity  of  rotation. 

But  such  ideal  uniformity  of  torque  is  not  the  condition  in 
practical  transmission  of  power  and  is  one  of  the  causes  leading 
to  the  adoption  of  such  low  working  stresses  as  5,000  pounds  per 
square  inch. 

Key  ways  for  the  attachment  of  pulleys  reduce  the  effective 
diameter  and  strength  and  this  reduction  is  to  be  considered  in  the 
fiber  stress  adopted. 

Again  the  shafting  is  subjected  to  the  bending  stress  of  its  own 
weight  between  bearings,  in  addition  to  the  torque  of  power  trans- 
mission. 

In  the  empirical  or  practical  formula  rf  =  4  ^-^HP  /N  we  may 
regard  the  customary  working  stress  of  12,000  lbs.  per  square  inch 
for  rnoving  loads  reduced  a  quarter  to  allow  for  the  weakening  effect 
of  the  Key  way  to  9,000  pounds  per  square  inch  and  this  value 
reduced  thirty  per  cent  to  cover  excess  torque  over  and  above  the 
mean  and  again  reduce  a  fifth  to  provide  for  the  bending  due  to  the 
dead  weight  of  the  shafts  between  bearings. 

For  crank  shafts  in  which  the  twisting  moment  at  maximum  is 
twice  the  mean  as  in  the  steam  engine  d  =  5  ^^J^HP/N  or  an  equiva- 
lent value  of  /  =  2,600  lbs.  on  the  basis  of  uniform  twisting  mo- 
ment applied  to  produce  the  given  horse  power. 
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For  mild  Btee\  shafting  caixying  pulle3r8  bb  in  the  textile  mill 
with  beanngs  eight  to  ten  feet  centers  the  practical  rule  for  d  is 
#      d  -  4.5  *^HP/N 

8.  The  Resultant  Principal  Stress  limiting  or  determining 
the  working  capacity  of  the  shaft  in  transmitting  power  is  to  be 
found  by  combining  the  state  of  stress  due  to  the  l>ending  moment 
of  the  dead  weight  of  the  shaft  and  any  pulleys  between  bearings 
with  that  caused  by  the  torque  or  twist  incident  to  transmission 
of  the  power. 

Consider  the  point  0  (top  or  bottom)  of  maximum  positive 
bending  of  the  shaft.  Since  it  lies  in  the  vertical  plane  thru  the 
axis  of  the  shaft,  the  lateral  displacement  is  zero. 

The  distortion  of  the  outer  6ber  from  pure  longitudinal  com- 
pression and  transverse  torsion  only  are  to  be  considered  and  these 
may  be  treated  as  follows : 

Let  Pjt  equal  the  resultant  principal  compression  and  P,  the 
resultant  principal  tension,  /  being  the  extreme  fiber  stress  from 
bending  and  q  the  greatest  unit  shear  stress  from  pure  torsion. 
Then  in  the  resultant  ellipse  of  stress  from  the  principles  of  Art.  20, 
Chapter  I,  Sec.  I. 

P^-^Pf 

(1)  — //2- 

2 
e  radius  of  the  component  state  of  fluid  stress.     And 

P,  —  P 

(2)  -^ '-  -  V7«  +  (//2)'  - 

2 

the  radius  of  the  component  state  of  right  shearing  stress  and  the 
resultant  maximum  unit  shear  as  well. 

The  component  states  of  right  shearing  stress  combim><l  in 

P. -P, 

— —  arc  at  46*  to  each  other. 
2 

Frr»m  (1)  and  (2)  we  may  write 

P.  ■  V(77SFF?--H//2    compreswon  (3) 

-Pf  -  V(//2)»  ^-  ^  -  //2    tension.  (4) 
19ow  if  t  be  the  angle  which  the  direction  of  P,  makes  with  the 
axia  of  the  shaft,  then 

Tan  2  i  -  2q/f»  or  in  another  form .  (5) 

Tan  •  -  Vf+TT??  -  //2«  -  -  ^r/  V  m 
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Equation  (5)  may  be  proved  readily  by  applying  the  parallelo- 
'  gram  principle  to  the  bending  and  twisting  moments  which  produce 
/  and  q  respectively.  Sec.  I,  Chapter  I,  Art.  6.  Were  the  resistance  to 
bending  equal  to  that  of  torsion  then  tan  i  would  equal  T/M  in 
which  T  is  the  applied  twisting  moment  and  M  the  applied  bending 
moment,  but  as  T  is  only  half  as  effective  (see  Art.  4)  as  M  in 
producing  stress  intensity  Tan  i  equals  half  the  angle  whose  tangent 
isT/M  =  2q/f. 

The  point  antipodal  to  0,  top  or  bottom  as  the  case  may  be  in 
a  continuous  shaft  is  the  point  of  maximum  negative  bending  and 
the  same  formulas  with  reversed  sign  apply  with  practical  accuracy, 
since  the  ratio  of  L  the  distance  between  bearings  divided  by  the 
diameter  of  the  shaft  d  is  so  great  that  the  reduction  of  the  tensile 
bending  stress  by  the  interference  of  detrusion  discussed  in  Sec.  II 
may  be  disregarded  as  negligible. 

The  longitudinal  stresses  of  pure  torsion  parallel  to  the  axis 
because  they  equilibrate  each  other  on  either  side  of  any  diametral 
section  produce  no  bending  couple;  hence  do  not  increase  the  dis- 
tortion of  pure  bending  and  may  therefore  be  disregarded. 

Verification :  Equations  (3)  and  (4)  may  be  readily  verified  by 
considering  the  values  of  /  and  q  at  the  limit.  Thus  if  /  =  0, 
Px  —  9>  while  if  g  =  0,  Pj  =  /,  as  it  should  be. 

The  bending  stress  in  the  plane  of  the  surface  may  be  obviously 
separated  into  component  states  of  fluid  stress  and  right  shearing 
stress  of  half  the  intensity  of  the  bending  stress,  oriented  so  that 
the  principal  stresses  of  like  kind  coincide.  Then  P^  =  /  and 
Py  =  0.  To  combine  the  component  states  with  the  stg-te  of 
right  shearing  stress  due  to  torsion  it  may  be  noted  that  there  is 
no  shear  in  the  state  of  fluid  stress  and  we  have  only  to  combine 
two  states  of  right  shearing  stress  to  determine  the  greatest  shear 
stress  =  P,  -  Py  /2. 

The  general  formula  for  combining  two  states  of  right  shearing 
stress  in  which  Pj  is  the  principal  stress  of  the  first  state  and  P^ 
is  the  principal  stress  of  the  second  state  of  shearing  stress  of  like 
kind,  then  Px  =  Pi  +  P2  +  2Pi  P^  cos  2xi  0x2'  in  which  oxi  represents 
the  direction  and  intensity  of  Pi  and  ox^  the  direction  and  intensity 
of  P2,  and  the  angle  between  them  X1OX2.  Now  when  X1OX2  =  45 
degrees  cos  2xiOX2  =  0  and  P,  =  Pi  +  Pi  which  corresponds  to 
equation  (2). 

It  will  be  a  good  exercise  for  the  student  to  prove  this  equation 
graphically  by  the  parallelogram  principle  and  if  any  difficulty  is 
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found  in  bo  doing  reference  may  be  made  to  problems  10  and  20, 
pafce  116  of  Researches  of  Graphical  Statics  of  H.  T.  Eddy,  (1878). 

The  problem  of  determining  the  tangent  of  inclination  of  the 
resultant  principal  stress  to  the  axis  of  the  shaft  is  similar  to  that 
of  determining  the  inclination  of  principal  stress  to  the  neutral 
plane  of  a  beam,  as  noted  by  Rankine,  Arts.  310  and  311  of  his 
Applied  Mechanics. 

To  clarify  the  matter  of  relative  intensity  of  the  working 
stresses  it  may  be  desirable  to  figure  the  relative  intensity  of  the 
resultant  maximum  stress  for  a  wide  variation  of  the  values  of 
q  and/.  If/  —  ^  q  then  the  resultant  maximum  principal  stress  — 
1.28X9-2.56X/.  If/=2X9,  then  the  resultant  principal 
stress  -  2. 1414  X  9  and  1 .207  /.  If  /  «  3  X  9  then  the  resulting 
principal  stress  3.3  9  =  1.1/.    If/  -  9,  P,  -  1.618/  -  I.6I87. 

9.  Limitations  of  Practical  Formulas:  From  the  foregoing 
values  it  at  once  appears  that  the  formula.^  =  4.5  'V/ZP/AT  for 
the  diameter  of  shafts  carrying  pulleys  provides  for  a  bending 
momenl  no  more  than  half  as  great  as  the  torsional  moment  or 
for  a  fiber  stress  in  bending  equal  to  that  caused  by  the  torque  or 
twist. 

Accordingly,  the  line  shaft  carrying  pulleys  proportioned  by  this 
practical  or  empirical  rule  Hhould  be  investigated  to  determine  that 
the  heavier  pulleys  or  those  pro<Iucing  relatively  the  greatest 
bending  do  not  produce  moments  largely  exceeding  this  limitation. 

Kent  Mechanical  Engine(>r8  Pocket  Book,  p.  869,  gives  the  rule 
for  d  —  'V50  HP/N  for  continuous  line  shafts  of  mild  steel  without 
pullejTS,  added  allowance  being  made  for  the  weakening  effect  of 
Key  seats,  which  is  almost  identical  with  the  rule  Ix'fore  given 
allowing  l/llth  increase  in  diameter  for  the  weakening  effect  of 
the  Key  way. 

Torsional  stress  for  the  uniform  tcunsmission  of  a  given  horse 
power  is  inversely  proportional  to  the  rapidity  of  rotation  whereas 
the  bending  stress  caused  by  the  weight  of  shaft  and  pulley  does 
not  decrease  in  like  manner. 

Therefore,  simple  practical  rules  are  approximately  correct  only 
for  the  limited  range  of  velocity  common  in  practice,  such  for 
example  as  180  R.P.M.  for  machine  shop  practice  to  250  to  3CM)  for 
the  line  shafts  of  wood  working  and  textile  mills,  etc. 

If  for  example  we  figure  the  diameter  of  one  shaft  to  transmit 
the  same  horse  power  1,000  R.P.M.  and  another  at  125  R.P.M. 
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the  diameter  of  the  latter  will  be  twice  that  of  the  former  under  the 
practical  formula  but  the  bending  moment  from  the  weight  of  the 
larger  shaft  is  four  times  as  great  as  for  the  smaller,  but  on  the  other 
hand  its  moment  of  inertia  is  eight  times  as  great,  hence  the  j&ber 
stress  from  bending  is  but  half  as  great  for  the  larger  shaft,  and  the 
practical  rule  applying  to  the  slowly  moving  shaft  cannot  apply  to 
the  eight-fold  increase  in  speed.  But  if  the  range  of  variation  is 
between  180  to  300  R.P.M.  the  corresponding  variation  in  the 
resulting  principal  stress  will  be  limited  to  such  a  moderate  amount 
as  to  be  negligible  in  comparison  to  the  probable  accuracy  in  esti- 
mating the  variation  in  torque  above  the  mean  in  the  practical 
problem. 

10.  Simplified  Computation:  As  the  distance  between 
bearings  or  unsupported  length  of  the  shaft,  and  weight  of  pulleys 
varies  the  bending  component  of  the  limiting  stress  varies  while 
the  torsional  component  does  not. 

This  variable  relation  may  be  investigated  as  follows.  Let  K 
equal  the  ratio  of  the  bending  moment  divided  by  the  twisting 
moment  so  that  K  =  M  ^  T  =  f/2q. 

Let  d"  =  the  diameter  of  the  shaft  calculated  for  the  twisting 
moment  when  M  =  0  and  nd'  =  d  equals  the  diameter  required  to 
resist  the  combined  bending  and  twisting. 

Then  from  the  relative  values  of  the  maximum  combined  stress 
Px  computed  for  the  relative  varying  ratios  of  /  the  bending  stress 
component  divided  by  q  the  torsional  stress  component  we  may 
tabulate  the  range  of  values  of  K  and  n  as  follows: 


When  i^  =     0.25 


0.50 


75 


1.50 


2.00 


3.00 


Then  n  =      1.17 


1.26 


1.34 


1.49 


1.62 


1.83 


Since  the  twisting  moment  computed  from  HP/ N  represents  a 
mean  and  not  the  maximum  value  to  be  provided  for  the  excess  of 
the  maximum  above  the  mean  is  to  be  estimated  or  approximated 
from  the  character  of  the  service  and  the  component  stress  q  com- 
puted in  accord  therewith  before  combining  it  with  the  bending 
stress  to  determine  the  resultant  maximum. 

The  divergence  of  the  maximum  torque  from  its  mean  value 
as  been  found  for  engine  shafts  approximately  as  follows: 
Single  Engine  Maximum  Torque  2  times  the  mean 
Compound  Engine  Cylinders  at  90°,  Max.  Torque  1.4  X  mean 
Double  Engine  Cylinders  at  120°,  Max.  Torque  1.8  X  mean 
In  the  long  transmission  shaft  of  the  textile  mill,  the  starting 
torque  exceeds  the  mean  by  from  thirty  to  thirty-five  per  cent, 
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whilo  in  the  ordinary  machine  shop  it  may  be  double  this  amount 
under  possible  combinations  of  the  maximum  number  of  machines 
operating?   under   the   heaviest   service. 

11.  Regulation  of  Torque  Variation:  Vtry  wide  variations 
In  torque  are  eliminated  in  koo<1  practice  by  placing  a  fly  wheel 
of  suitable  weight  on  the  far  side  of  the  take  off  pulley  from  the 
T>ower  end  of  the  shaft.     With  such  an  arranfcement.  the  enen?>' 

ored  in  the  fly  wheel  at  |x>ak  loading  may  momentarily  increase 
the  power  torque  on  the  take  off  pulley  to  double  its  mean  value 
without  increase  of  the  fiber  stress  on  the  shaft  which  at  the  take 
off  pulley  presents  a  state  of  double  shear  in  contradistinction  to 
the  single  shear  of  uniform  resistance. 

12.  The  Limiting  Deflection  of  shafting  for  smooth  running 
may  not  exceed  about  1,  100  of  an  inch  for  each  foot  of  span  between 
bearings.  Where  this  ratio  of  deflection  may  be  exceeded  under 
the  weight  of  the  shaft  and  attached  pulleys,  it  is  neces.sar>'  to 
increase  the  shaft  diameter  to  secure  the  needed  stifTruss  <»r  reduce 

the  span  between  bearings. 

Now  deflection  increases  as  u  coetlieuMt  time.s  tlie  cuU*  of  the 
length,  times  the  weight,  divided  by  the  moment  of  inert i.n  or  relative 
stress  resistance,  hence  L  the  limiting  span  is: 

L  '  B  *Vrf« 
in  which  the  coefficient  B  equals  65  for  bare  shafting  and  50  for 
shafting  carrying  ordinary  pulleys. 

13.  Summary:  The  reason  underlying  practical  rules  for 
proportioning  of  shafting  and  the  limitations  which  govern  their 
appUcation  have  been  developed,  and  the  theory  of  location  of  the 
fly  wheel  with  respect  to  economic  design  of  shafting  for  transmit- 
ting variable  torque  developed  in  such  wise  that  the  problem  of 
shaft  design  is  removed  from  rule  of  thumb  practice  to  rational 
procedure. 

From  the  elasticiuu  h  vmw  point,  the  preceding  discussion 
shows  that  in  a  circular  shaft  under  torsion,  there  is  one  transverse 
plane  which  suflfers  no  longitudinal  deformation  where  the  power 
fpuple  and  take  off  couples  balance.  All  other  transvenn*  planes 
^^iDffer  bulging  distortion  to  the  end  of  the  shaft.  This  bulging 
distortion  is  symmetrical,  i.  e.,  every  point  having  the  same  radial 
Stance  from  the  axis  lies  in  the  same  transverae  plane  normal 
the  axis,  i.  e.,  the  transverse  distortion  is  symmetriad  in  the 
cylinder  under  torsion  but  as  will  be  seen  later,  such  s>mmctr)'  is 
lacking  in  the  square  or  oval  prism  under  torsion. 
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CHAPTER  XIII 

TORSIONAL  ANALYSIS  OF  SQUARE,  RECTANGULAR, 
TRIANGULAR  AND  OVAL  PRISMS 

1.  That  action  and  reaction  may  equal  each  other,  appHed 
twisting  moments  about  the  axis  of  any  prism  regardless  of  the 
form  of  its  cross  section  must  be  met  by  uniform  resistance  through 
360  degrees  about  that  axis.  In  the  case  of  a  square  or  rectangular 
prism,  the  radii  along  which  this  constant  total  rotational  force 
of  resistance  is  distributed,  differ  in  length,  therefore  the  rotational 
forces  in  planes  parallel  to  the  axis  and  normal  to  the  respective 
radii  compared  differ  in  intensity.  All  transverse  sections  normal 
to  the  axis  will  thus  be  distorted  longitudinally  throughout  the 
entire  length  of  the  prism.  Since  the  direction  of  rotation  of  these 
couples  is  the  same,  alternate  longitudinal  bulges  and  depressions 
will  appear  in  alternate  octants  of  all  originally  normal  cross  sections 
of  a  square  shaft  under  torsion,  since  the  unit  intensity  of  the 
resistance  alternately  increases  and  decreases  in  passing  circularly 
through  octant  to  octant. 

This  may  be  shown  experimentally  as  follows.  Upon  the 
surface  of  an  inch  and  a  half  square  prism  of  soft  vulcanized  rubber, 
six  inches  long  draw  lines  a  quarter  of  an  inch  apart  parallel  with 
and  normal  to  the  edge.  Grasp  the  lower  edge  of  the  prism  firmly 
and  twist  in  a  clockwise  direction  (as  viewed  from  above).  Squares 
along  the  center  of  the  sides  by  the  twist  have  become  deformed 
into  rhomboids,  the  rotational  distortion  about  the  horizontal 
axis  being  clockwise,  as  viewed  from  the  side,  when  the  direction  of 
the  twist  is  clockwise,  viewed  from  above.  The  normal  lines 
still  intersect  the  edge  at  right  angles  and  the  squares  at  the  edge 
unlike  those  in  the  middle  are  but  little  deformed. 

The  experiment  shows  that  In  the  Plane  of  the  Sides  the 
Greatest  Shear  Distortion  is  Nearest  the  Axis. 

The  greatest  shear  distortion  along  a  given  radius  is  found  in  a 
plane  normal  to  the  radius  as  appears  from  the  preceding  dis- 
cussion of  round  shafts.  Examining  a  point  midway  between  the 
center  and  edge  as  at  the  extremity  of  a  radial  line  at  15  degrees 
to  the  short  diameter,  it  appears  that  the  rhombic  distortion  of 
the  squares  is  but  little  less  than  that  at  the  middle  of  the  side. 
Hence,  the  shear  distortion  normal  to  the  15  degree  radius  will  be 
greater  than  at  the  surface  at  the  end  of  the  short  diameter. 
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The  Cunes  of  Greatest  Shear  are  determined  in  the  same 
ner  as  those  of  the  round  shaft,  i.  e.,  equal  increments  of  lever 

ularly  or  tangentially  and  equal  relative  divisions  of  the 
angular  change  in  direction  of  the  tangential  force  provide  the 
coordinates  for  the  construction  of  the  curves. 

In  a  round  shaft,  the  tangential  forces  change  direction  180 
degrees  in  180  degrees  of  circumference,  four  divisions  of  the  radius 
and  four  of  the  semicircimiference  provide  the  coordinates. 

In  a  square  shaft,  the  tangential  forces  change  direction  180 
degrees  in  a  90  degree  angle,  hence  the  radial  coordinates  are  22 
degrees  30  minutes  apart,  instead  of  45  degrees  apart  as  in  the 
round  shaft.  In  other  words,  the  shear  spirals  of  a  square  shaft 
have  twice  as  sharp  a  pitch  as  in  a  round  shaft. 

In  a  rectangular  shaft,  the  radial  divisions  will  be  one  fourth 
the  angle  between  the  diagonals,  for  example,  if  opposite  the  long 
face  this  angle  be  120  degrees,  the  radials  will  be  30  degrees  apart 
and  oppobite  the  short  face  15  degrees  apart. 

Obviously  with  such  a  difference  in  the  radial  coordinates,  the 
compartments  of  alternate  bulge  and  depression  will  undergo  a 
change  from  octantal  to  quadrant al  divisions.  This  change  occurring 
when  the  long  side  is  1.454  times  the  short  side  as  determined  by 
St.  Venant. 

In  a  shaft  whose  s<>rtion  is  an  equilateral  triangle,  thr  tnnfcential 
force  changes  direction  240  degrees  in  the  120  degree  radial  angle 
subtended  by  the  side,  hence  for  four  divisions  of  the  short  radius 
the  circumferential  angle  of  the  radial  division  is  120  decrees 
divided  by  four  or  30  d^^ees. 

For  the  oval,  while  the  tangential  forces  as  for  the  round  section 
change  180  degrees  in  180  degrees  of  circumference,  the  RATE 
OF  CHANGE  is  not  a  constant,  hence  the  angularity  of  the  radial 
divisions  is  to  l>e  varied  so  that  the  length  of  (>ach  circumferential 
division  subtends  an  equal  angle  of  change  in  direction  of  the  oval 
circumference. 

Alternate  compartments  or  areas  of  bulge  and  depressioii 
will  be  quadrantal  like  the  elongate<l  rectangle,  but  the  curves  of 
the  greatest  shear  will  differ  from  the  rMtangle  in  that  they  will 
have  but  half  as  great  pitch,  i.e.,  a  difference  similar  to  ihiit  iM'iwifii 
the  square  and  the  round  section. 

Figures  T»,  Tr,  Tt,  and  To,  present  typical  sht^ar  curves  for 
the  four  respective  types  of  sections. 
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18  Stress  Curves 

It  is  to  be  noted  that  an  abrupt  angular  change  in  the  tangential 
boundary  gives  rise  to  a  change  in  sign  of  the  shears  and  a  cusp 
in  their  formation  so  that  some  of  the  coordinated  shear  spirals 
stop  short  of  the  surface  upon  the  radial  plane  through  the  angular 
edge  and  the  axis  of  the  shaft. 

3.  Curves  of  Principal  Stress  as  shown  in  Art.  18,  Chapter  1, 
Sec.  1,  bisect  the  angle  between  the  curves  of  greatest  shear. 

In  the  round  shaft  on  any  transverse  section  the  principal  stress 
curves  are  radial  and  circumferential. 

For  the  square  prism,  the  diagonals  and  short  diameters  are 
straight  line  radial  principal  stress  curves,  while  other  radial  princi- 
pal stresses  follow  curved  lines.  The  circumferential  principal 
stress  qurves  may  be  termed  four  point  ovals,  i.  e.,  with  elongated 
diameters  at  90  degrees  apart. 

For  the  triangular  prism,  radials  to  the  corners  and  normal  to 
the  sides  only  are  straight  line  radial  principal  stress  curves,  while 
the  circumferential  principal  stress  curves  normal  thereto,  are 
oval  with  elongated  diameters  opposite  the  apices  of  the  triangular 
section. 

4.  The  Relative  Rigidity  of  the  Square  and  Round  Shaft 

is  proportional  to  J,  the  polar  moment  of  inertia  of  the  section  under 
the  ordinary  assumption  that  shear  strain  is  proportional  to  the 
distance  of  the  fibre  from  the  axis  of  the  shaft,  i.  e.. 
The  elastic  strength  will  vary  as  J /C,  i.  e.. 
For  the  round  T  =  .1963  d^S 
For  the  round  T  =  .2357  d'S 
For  a  round  shaft  0  =  10.186  Th/Fd'^ 
For  a  square  shaft  0  =     7.22  TL/Fd^ 
in  which  0  is  the  angle  of  twist  in  radians  T,  the  torque,  L  the  length 
and  d  the  diameter  of  the  round  or  side  of  the  square  in  inches  and 
F  the  modulus  of  rigidity  or  shearing  modulus. 

The  stress  in  a  square  or  rectangular  shaft  differs  from  that 
assumed  as  the  basis  of  the  preceding  computation  as  shown  by 
experiment.  Thus  square  or  rectangular  bars  that  have  been 
marked  off  with  series  of  equally  spaced  longitudinal  and  trans- 
verse lines  after  twisting  show  a  distortion  of  the  squares  into 
rhombuses,  the  greatest  distortion  on  a  face  occurring  at  the  middle 
of  the  sides,  while  the  transverse  lines,  as  nearly  as  can  be  observed, 
remain  perpendicular  to  the  edges  of  the  bar.  Since  shearing 
stresses  in  the  plane  of  the  face  are  proportional  to  the  distortion 


m  ^ 


RiCTAKCULAK  PutMS  19 


appears  that  the  shearing  stress  on  the  surface  is  greatest  at  the 
middle  of  a  side  of  the  square  bar;  and  greater  at  the  middle  of 
the  wide  side  of  a  rectanf^ular  bar  than  at  the  middle  of  the  narrow 
side,  ni'<l  '*>•>•  tlwri.  is  no  shearing  stress  at  the  cornor. 

TK  the  longitudinal    shear    whith    causes    the 

bulge  and  depression  of  alternate  octants  of  the  square  prism 
under  torsion  may  be  considered  to  increase  as  the  ordinates  of 
a  parabola  from  the  edge  to  the  center  and  as  the  resisting  section 
of  the  octant  about  the  short  diameter  increase  as  the  ordinates 
of  a  triangle,  i.  e.,  a  linear  law  the  deformation  or  strain  wil*  >ary 
as  the  ordinates  of  a  third  degree  curve. 

The  total  moment  of  the  longitudinal  displacement  about  the 
short  diameter  would  therefore  be  .3478  x  2  x  5/8  T  -  .434  T  and 
the  relative  rigidity  of  the  round  and  square  section  would  be  as 

1:  1  i;i4. 

or  o     =  1.0186  TL/Frf*  for  a  round  and 

1.0186* 


1.434 


TL/Fd*  -  7.1  X  TL/Fd*  for  the  square  section 


The  angular  distortion  is  greatest  in  a  plane  normal  to  a  radius, 
hence,  as  the  distortion  in  the  plane  of  the  face  of  the  square  shaft 
decreases  at  first  but  slowly  from  the  center  toward  the  edge,  the 
greatest  distortion  will  occur  normal  to  some  radius  between  the 
short  diameter  and  the  diagonal  which  is  found  at  an  angle  some- 
what less  than  20  degrees,  and  the  corresponding  ela^Jtic  strength 
would  be  1.06  times  that  of  the  round  shaft  as  found  by  St.  Venant. 

5.     Strength  of  the  Rectangular  Prism  Under  Torsion: 

St.  Venant  gives  the  following  approximat*-  fMrm\il:i  f«>r  the 
rectaneular  prism  under  torsion: 

In  which  h  and  6  are  the  long  and  short  sidr 
and  7i  the  great<»st  shearing  stress. 

Merriman  gives  the  formula 

2 

r  -  —  6»Avi 
9 

which  for  values  of  h  greater  than  26,  gives  smaller  valurn  than  are 
fotiiul  by  St.  Venant 's  more  exact  method. 

Woods  in  his  Strength  and  EIasti(ii\  •!  Structural  Memlx'n* 
replaces  2/9  of  Merriman's  formula  by  a  variable  coefficient  (If)  var>  • 
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ing  with  the  ratio  of  /i  to  6  as  follows: 

*h/b  k  h/h  k 

1 0.208        3.5 0.275 

1.5 0.231         4     0.282 

2     0.246         5     0.292 

2.5...' 0.258  10     0.312 

3     0.267 

*  Bulletin  No.  3,  Section  No.  9,  University  of  Toronto,  by  Messrs. 
Young,  Sagar  and  Hughes,  presents  experimental  data  on  plain  and  rein- 
forced rectangular  concrete  prisms  under  torsion. 

Recapitulation  and  Remarks:  The  warping  of  the  normal 
section  of  a  prism  under  torsion  is  analyzed  by  Love,  Arts.  221,  223, 
of  his  Mathematical  Theory  of  Elastic  Solids,  while  a  digest  of  the 
original  investigation  of  St.  Venant  is  given  in  English  in  Vol.  II, 
part  I.  History  of  Elasticity  and  Strength  of  Material  by  Tod- 
hunter  and  Pearson,  pages  1-51.  (On  page  59  appears  St.  Venant's 
important  investigation  of  the  ordinary  theory  of  flexure  demon- 
strating that  for  the  important  practical  cases  of  continuous  loading, 
the  Benouilli  Eulerian  hypotheses  is  not  even  a  close  approximation 
to  the  truth.  This  question  has  been  treated  in  our  Sec.  II  in  a 
simple  manner  and  the  deviation  from  exact  values  investigated 
and    determined.) 

The  graphic  analysis  presented  in  the  preceding  chapter  involves 
only  simple  conceptions  of  proportion  in  addition  to  the  elementary 
principles  governing  states  of  stress  in  a  plane  or  solid  investigated 
in  Sec.  I,  Chap.  I. 

Since  displacement  is  the  joint  product  of  shear  and  principal 
stress  from  the  known  direction  of  the  curves  of  greatest  shear  and 
principal  stress,  St.  Venant's  contours  of  bulge  and  depression  are 
readily  drawn  graphically  by  bisecting  the  angle  between  these 
curves  while  eliminating  tedious  and  complicated  mathematical 
work. 

While  it  is  true  that  the  state  of  stress  in  a  plane  at  a  point  is 
fully  defined  by  two  orthogonal  principal  stresses,  such  definition 
conveys  no  precise  conception  of  the  nature  and  amount  of  dis- 
placement resulting  from  the  given  state  of  stress. 

Thus  rupture  (the  result  of  exceeding  a  limiting  displacement), 
is  a  joint  product  of  shear  and  principal  stress  and  the  plane  which 
it  will  follow  is  known  when  the  direction  and  sign  of  the  curves  of 
greatest  shear  and  principal  stress  are  known.  The  multifarious 
explanations  of  rupture  offered  in  works  dealing  with  the  resistance 
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lis  the  outgrowth  of  the  inhrrrnt  haxiness  of  thisabetract 
definition. 

The  concise  grasp  which  graphic  presentation  of  states  of 
stress  achieves  should  enable  the  student  to  appreciate  and  profit 
by  the  numberless  ocamples  of  perfect  economic  diistrihution  of 
material  in  nature,  to  be  found  not  only  "in  the  vegetable  king- 
dom but  in  the  complex  structure  of  the  bones  of  the  higher  animals 
which,  from  a  mechanical  stan<lpoint,  are  a  system  of  levers  requir- 
ing a  high  degree  of  strength  and  relative  lightness  as  well.  The 
excellent  presentation  of  this  matter  by  W.  J.  Ibbetson  in  an 
appendix  of  his  treatise  on  the  mathematical  theorj'  of  elasticity 
should  prove  of  interest  to  the  student. 
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CHAPTER  XIV 

ANALYSIS    OF    COMBINED    BENDING    AND    TWISTING    RESIS- 
TANCE   OF   HOMOGENEOUS   FLAT   PLATES 

1.  The  Characteristics  of  Plate  Action  will  be  first  de- 
veloped from  test  of  celluloid  plates  under  load  and  later  the 
phenomena   will   be   analyzed   by   the   elastic   theory. 

(a)  Support  a  12"  x  12"  x  l/l6"  thick  plate  upon  opposite  edges 
first  drilling  a  l/l6th-inch  hole  thru  the  center  of  the  plate.  Pass 
a  piece  of  twine  thru  the  hole  knotting  the  end.  Suspend  a  two 
pound  weight  on  the  twine  and  measure  the  central  deflection 
and  note  that  the  deflection  at  the  edge  at  mid  span  differs  inap- 
preciably from  that  at  the  center  at  mid  span.  Reverse  the  plate 
and  record  the  mean  of  the  deflections. 

(b)  Support  the  plate  on  four  sides  instead  of  two  and  apply 
the  same  load  suspended  at  the  center;  record  the  deflection. 
Turn  the  plate  bottom  side  up;  load  again  as  before  and  take  the 
mean  of  the  readings. 

Comparing  the  two  deflections,  that  of  experiment  (a)  is 
slightly  more  than  four  times  as  great  as  that  of  experiment  (b). 
The  applied  bending  moment  in  (a)  is  WL/4:.  The  applied 
apparent  moment  in  (b)  is  WL/S  in  each  direction  normal  to 
the  sides  of  the  plate,  less  the  negative  twisting  moment. 

Reduction  of  the  apparent  moment  by  fifty  per  cent  should 
render  the  deflection  half  as  great  in  (b)  as  in  (a)  if  deflection  and 
apparent  moment  could  be  compared  on  a  proportional  basis  in 
the   two    respective    cases. 

In  experiment  (a)  the  curvature  was  one  way  or  cylindrical  but 
in  (b)  the  curvature  was  two  ways  and  the  plate  had  been  warped 
or  twisted  into  dish  shaped  curvature  again  halving  the  deflection. 
From  this  result  we  may  infer  that  warping  or  twisting  plays  an 
equal  part  with  two  way  bending  in  producing  the  surpris- 
ing strength  and  stiffness  of  plate  action  in  dish  shaped 
curvature. 

Since  a  plate  may  also  be  twisted  into  saddle  shaped  or  reverse 
curvature  the  question  at  once  arises  whether  the  warping  or 
twisting  is  equally  efficient  in  saddle  as  in  dish  shaped  bending. 

Drill  the  square  celluloid  plate  near  each  corner  locating  the 
hole  three  sixteenths  ffom  each  side.     Suspend  the   plate  level 
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ticul  strings  thru  the  diagonally  opposite  boles  (knot tin? 
the  twine  on  the  under  side  of  the  plate). 

(c)  Suspend  a  two  pound  weight  from  a  string  passed  thru 
the  center  of  the  plate  and  note  the  deflection.  Reverse  the 
plate  load  and  record  the  deflection  taking  the  mean. 

(d)  Remove  the  I(»a<l  from  the  center  and  8U8p«ii<i  on,  ixmnd 
from  each  corner  and  measure  the  central  deflertion.  •Keverse, 
repeat   and   record    the   mean. 

Compare  the  mean  deflections  of  experiment  (c)  and  (d)  and 
the  deflection  of  the  center  of  the  plate  is  found  one  half  as  great 
in  (d)  as  in  (c)  and  that  of  the  corners  of  the  plate  just  as  great 
because  by  symmetry  the  bending  is  equal  and  opposite. 

Accordingly,  the  twist  in  equal  but  opposite  bending 
opposes  a  resistance  to  deflection  similar  to  the  twist  of 
equal  and  like  bending. 

Equal  l^ending  at  90  degrees  is  called  SYNCLASTIC  or  SPHER- 
ICAL curvature  when  the  bending  is  of  like  sign  and  AXTICLAS- 
TIC  when  the  equal  bending  at  right  angles  is  of  opposite  sign. 

2.    Separation  of  Bending  and  Twisting  in  Plate  Action: 

Rotational  shear  strain  in  bending  is  uni-axial  or  about  parallel 
axes  in  bending  resistance  but  torsional  shear  strain  is  bi-axial 
as  investigation  of  the  round  and  square  shaft  disclosed  in  Chap- 
ter XII.  Accordingly,  in  the  quadrant  of  any  plate  bent  either 
in  dish  shaped  or  anticlastic  curvature  if  the  principal  U-nding 
is  about  the  horizontal  axis  of  XX  and  the  total  efTertive  U'luling 
moment  is  A/,,  then  will  the  total  applied  torque  al"  i;  ))'  equal 
nimierically  half  A/»,  hikI  the  total  applied  twist  alM)ut  /X  will 
also  equal  half  M^,  therein  expUiining  the  equality  of  U>nding 
and  twisting  effects  foiiii<i   in  experiments  (b)  and  (d). 

Tbe6c  applied  twisting  and  In'nding  moments  are  in  general 
opposed  by  distributed  resistances  thru  the  entire  area  of  the 
plate  but  by  greatly  increasing  the  torsional  rigidity  of  an  element 
about  the  vertical  or  Z%  axis  in  antiolastic  curvature  a  separa- 
tion  of  the  area  into  zones  separately  resisting  Im  lulinK  and  twist 
will  result. 

Take  a  very  thin  squart*  celluloid  plate  of  about  the  order  of  one 
five  hundredth  of  thickness  to  span  length;  suspend  it  by  vertical 
silk  threads  at  diagonally  opiMMiite  cornen  and  apply  equal  but  not 
too  heavy  loads  at  the  other  comers.    *Half  the  area  will  remain 

•  This  precaution  eliminsiM  ib«  trror  or  effsel  of  rsridual  strsia  la  tk« 
pUte. 


24 


Circular  and  Radial  Resistance 


unbent  and  half  will  be  bent.     Thus  if  Fig.  PI  represents  the 

plate  supported  at  S  and  S'  by  vertical 

silk  threads  and  loaded  at  P  and  P' 

by  equal,  very  light  loads  suspended  by 

silk    threads,     then     will    the    square 

abed    unbent    represent     the    zone    of 

twisting    resistance    and    the    triangles 

adS,  cbS,  cdP,  and  ahP'  represent  the 

zones  of  pure  bending. 

This  experiment  indicates  not  only 
that  twist  and  bending  play  equal 
parts  in  plate  action  but  also  that 
the  twist  stores   energy  in   a  manner 

not  productive  of  deflection.  Moreover,  it  demonstrates  con- 
clusively that  the  twist  in  the  horizontal  plane  of  vertical  elements 
about  the  vertical  axis  ZZ  must  be  reckoned  with  in  any  rational 
analysis  of  plate  action. 

The  equations  of  La  Grange  upon  which  much  of  the  compli- 
cated mathematics  of  plate  resistance  heretofore  published  is 
based,  fail  to  do  this  and  hence  results  deduced  therefrom  are 
incorrect. 
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3.      Circumferential    and    Radial    Bending    Resistances 

combined  with  uniform  circular  compression  over  the  full  depth 
of  the  plate  increasing  from  zero  at  the  center  to  the  periphery 
may  be  experimentally  demonstrated  as  the  result  of  twisting 
and  bending  in  a  uniform  circular  plate  supported  at  its  periphery 
and  centrally  loaded  as  follows: 

Compare  the  stiffness  of  a  circular  plate  one  sixteenth  inch 
thick  and  nine  inches  in  diameter  under  a  given  central  load  with 
a  duplicate  plate  slit  with  a  fine  saw  from  the  periphery  on  radial 
lines  forty  five  degrees  apart  to  within  one  and  a  half  inches  of 
the  center.  Radial  fibers  are  all  intact  but  the  circumferential 
resistance  is  eliminated  by  the  saw  kerfs  so  that  the  deflection 
is  about  twelve  times  as  great  after  cutting  as  before. 

By  increasing  the  load  the  slits  close  up  at  the  circumference 
and  after  they  abut  the  plate  is  as  stiff  as  the  one  uncut. 


*  This  experiment  of  Art.  2  appears  to  have  been  first  discussed  in 
Natural  Philosophy,  Thomson  and  Tait,  1867.  The  threads  must  be 
vertical  and  loads  not  too  heavy  or  unstable  equilibrium  results. 
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.  ..»it  thai  tlu'  kerfs  snap  to- 
gether at  the  outer  edge  of  the  plate 
and  the  resistanee  to  further  dcf!f>etton 
is  then  inereased  many  fohl  by  the 
compression  of  the  ahuttincr  Heg;inents 
conveys   a   definite   cot  of  jhe 

nature  ofsy  ncla!<t  i  c  resi^ . .  i .,  v .  It  shows 
that  an  important  element  of  such 
bending  resistance  is  the  horizontal  cir-  ^    p^ 

cular  compression  of  the  plate  as  a  whole  w 

about  thr  outer  etige  superposed  upon 
the     circumferential     l>ending     resist- 
ance.       Conversely,   in  anticlastic  l>ending  stretching  takes  the 
place  of  this  compression  in  synclastic  curvature. 

Examining  the  radial  sectors  between  the  sUts  of  the  plate 
P-2  a.s  iH'Ht  it  will  be  noted  that  these  radial  sectors  remain  unbent 
circumfcrt'ntially  and  as  th'*  corners  come  together  the  l)earing 
of  the  plate  on  its  ring  Mippni  t  is  only  at  and  near  the  sUts.  This 
phenomena  indicates  THUKE  ELEMENTS  OF  RESISTANfi: 
IN   PLATE  ACTION: 

( 1 )  Radial  l)ending  resistance . 

(2)  The  resistance  of  circumferential  l)ending  which  cauaes 
the  plate  to  bear  upon  its  support  along  its  periphery. 

(3)  Circumferential  compression  produce<i  by  twisting  of 
vertical  elements  squeesing  the  sUt  sectors  together  circumferen- 
tially.  This  compression  l>eing  greatest  at  the  pc'riphery  and 
reducing  townrd  the  center  of  the  plate. 

4.  Phenomena  of  Buckling  of  Thin  Plates:  i  lu  thini 
element  of  nsistance,  circumferential  compression,  is  respoiuuble 
for  the  phenomena  of  buckling  in  the  thin  plate  which  then  acta 
after  the  manner  of  a  long  column.  For  example,  in  the  thin 
circular  plate  at  its  fx^riphen*-  horiiontal  shears  in  vertical  planes 
circumferentially  pass  thru  «ero  at  the  mid  depth  of  the  plate 
but  the  fact  that  circumferential  fiber  compression  stress  area 
is  greater  than  the  tensile  area  eauses  the  plate  if  thin,  to  buckle  or 
assume  a  scalloped  curvature  under  this  excess  fiber  compn'jwion. 
The  downward  displacement  of  the  neutral  ptane  as  in  lM>am 
action  toward  the  support  measures  this  vxatm  ctreumferential 
compression  over  the  tension,  the  linear  law  of  fiber  stress  inten- 
sity l>eing  unchanged  by  twist. 

A  recUngular  sheet  of  roofing  tin  supported  on  the  four  sides 


26  Stress  Curves  and  Displacement 

deflects  but  little  before  it  buckles  with  a  snap  in  conical  form 
normal  to  the  middle  of  each  side.  The  square  celluloid  plate 
12  X  12  X  l/l6th-inch  thick  if  overloaded  at  the  center  sprmgs 
up  from  its  support  at  the  middle  of  each  side  and  as  spon  as  it 
buckles  the  deflection  increases  to  a  very  marked  degree  because 
the  circumferential  compression  is  relieved  by  this  buckling  and 
an  important  element  of  plate  resistance  is  thereby  eliminated. 

In  the  circular  plate  one  buckle  only  occurs  against  four  in  the 
square  plate  supported  at  its  periphery  and  its  position  is  here 
unstable,  capable  of  being  rotated  around  thru  360  degrees.  The 
fact  that  whether  the  plate  is  rectangular,  square  or  circular,  when 
thin,  buckles  in  conical  form  indicates  that  the  travel  of  the  load 
is  along  radial  lines  whereas  the  principal  tensions  and  compres- 
sions which  are  caused  by  the  twisting  shears,  i.e.,  horizontal 
shears  in  vertical  planes  and  the  bending  shears,  (vertical  shears 
in  vertical  planes),  follow  another  and  a  different  law. 

5.  Stress  Curves  and  Displacement:  Principal  stresses, 
like  contours,  follow  curved  lines,  changing  directions  from  point 
to  point,  not  abruptly  but  by  small  increments.  Eddy,  in  a  chap- 
ter devoted  to  the  theory  of  internal  stress  in  his  Graphical  Stat- 
ics of  1878,  regards  it  as  a  physical  axiom  that 

"The  principal  stresses  upon  an  ideal  plane  of  division 
which  traverses  any  given  point  of  a  body  cannot  change 
suddenly  either  as  to  direction  or  magnitude  while  that 
plane  is  gradually  turned  in  any  way  about  a  given  point. 
A  sudden  variation  can  only  take  place  at  a  surface 
where  there  is  a  change  of  material."  (See  analysis  of 
reinforced  concrete  beam,  Sec.  11). 

A  different  law,  however,  governs  the  curves  of  displacement  and 
equi-potential.  These  curves  in  vertical  planes  change  abruptly 
in  passing  from  the  compression  zone  to  the  tension  zone.  In 
like  manner,  the  curves  of  displacement  change  abruptly  on  the 
surface  of  the  plate  where  the  direction  of  the  twisting  shears 
change  sign. 

Vertical  planes  at  which  twisting  shears  change  sign  may  be 
regarded  as  planes  of  greatest  or  least  curvature  in  the  plate  as 
a  whole.  For  example,  in  anticlastic  curvature,  with  equal  and 
opposite  bending,  the  twisting  shears  change  sign  in  a  plane  at 
forty  five  degrees  to  the  planes  of  greatest  or  principal  curvature 
of  the  plate.  In  other  words,  where  the  curvature  changes  from 
positive  to  negative  in  the  warped  surface  the  twist  is  a  maximum 
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u  riuwtture  passes  thru  zero.  The  location  of  such  a  plane  in 
the  warped  surface  of  the  plate  is  the  first  step  in  the  analysis  of 
of  the  curvature  of  continuous  plates.  Where  the  twisting  shears 
change  sign  but  neither  curvature  passes  thru  zero  is  a  character- 
istic of  the  plane  of  greatest  curvature  of  the  plate.  Such  a  plane 
in  passing  thru  consecutive  points  of  the  plate  is  the  plane  of 
greatest  curv^ature  for  each  of  the  points  and  hence  for  the  plate 
as  a  whole.  In  a  plate  bent  in  equal  reverse  curvature  the  two 
planes  of  principal  curvature  of  the  plate  are  at  right  angles  to 
to  each  other. 

In  a  plate  bent  to  a  surface  of  revolution  every  meridian  plane 
is  a  plane  of  principal  curvature  because  there  is  no  difference 
in  the  curvature  between  consecutive  meridian  planes. 

In  a  plate  bent  in  reverse  curvature,  if  the  positive  and  nega- 
tive curvatures  are  equal  the  planes  of  zero  curvature  are  obviously 
at  45*  to  the  planes  of  principal  curvature.  But  if  the  curvatures 
on  these  planes  are  numerically  unequal,  then  the  planes  of  zero 
curvature  rotate  toward  the  sharper  principal  curvature. 

6.  Separation  of  States  of  Surface  Stress  and  Curvature 
of  L'niform  Bent  Plates  into  Simple  Components:  .\.s  a 
uniform  homogeneous  plate  may  be  l>ent  in  any  conceivable  manner 
the  state  of  stress  may  likewise  vary.  If,  however,  the  curvature 
be  spherical  the  state  of  stress  is  a  fluid  stress  on  top  or  bottom 
surfaces  and  if  the  curvature  be  anticlastic  (orthogonally  equal 
and  opposite  bending)  then  the  state  of  stress  is  a  right  shearing 
stress. 

Accordingly  as  any  state  of  stress  whatever  in  a  plane  at  a 
point  can  be  separated  into  a  state  of  fluid  stress  and  a  state  of 
right  shearing  stress  (see  Arts.  II  and  16,  Chapter  1.  S(M-tion  1) 
the  stress  at  any  point  on  the  surface  of  a  uniform  phite  )H>nt 
elastically  in  any  manner  whatever  may  be  sepanited  into  com- 
ponent states  of  fluid  stress  and  right  shearing  stress  of  proper 
intensity.  Likewise  the  curvature  may  be  separated  into  com|)oncnt 
states  of  spherical  and  anticlastic  curvature  defined  by  suitable  radii. 

7.  Separation  and  Composition  of  Curvatures:  The 
manner  in  which  tbete  states  of  curvature  combine  may  be  illus- 
trated as  follows: 

Spherical  curvature  and  anticlastic  curvature  of  equal  radii  su' 
perpo0e<l  upon  each  other  result  in  plane  cylindrical  curvature. 
Combination  of  spherical  curvature  and  an  anticlastic  curvature  of 
smaller  radius  results  in  n  dish  Aaped  curvature  Imving  une<iual 
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radii  at  the  planes  of  principal  curvature,  while  the  continuous  plate 
supported  on  equally  spaced  columns  in  square  formation  may 
be  considered  as  made  up  of  spherical  curvatures  and  anticlastic 
curvature  at  forty  five  degrees  to  each  other,  and  in  like  manner 
any  conceivable  curvature  may  be  separated  into  spherical  and 
anticlastic  curvatures  superposed  upon  each  other. 

8.  The  Sum  of  the  Reciprocals  of  the  Radii  of  Curvature 
on  any  Orthogonal  Pair  of  Planes  Normal  to  the  surface  at  a 
point  of  an  elastically  bent  uniform  flat  plate  is  a  constant,  since 
the  surface  curvature  can  be  separated  into  component  states 
of  spherical  and  anticlastic  curvature  in  which  the  sum  of  the 
reciprocals  of  the  radii  on  orthogonal  planes  is  a  constant  in  the 
resultant  curvature  their  sum  must  likewise  be  a  constant. 

This  proposition  is  known  as  Euler's  theorem.  It  is  analogous 
to  the  principle  of  conservation'  of  fiber  stress  areas.  Art.  21,  Chap. 
1,  Sec.  1,  and  to  the  proposition  Art.  20,  that  the  sum  of  the  normal 
stresses  on  any  two  orthogonal  planes  normal  to  the  plane  of 
stress   thru   the   point   considered   are   equal. 

9.  Planes  of  Principal  Curvature  at  a  Point  of  a  Uniform 
Bent  Plate  are  Orthogonal  to  Each  Other.  Because  the  state 
of  stress  at  a  point  in  a  plane  is  fully  defined  by  two  principal 
stresses  orthogonal  to  each  other,  Art.  17,  Chapter  1,  Sec.  1,  the 
curvature  of  the  uniform  flat  plate  elastically  bent  by  any  state 
of  stress  at  any  point  on  its  surface  is  fully  defined  by  two  princi- 
pal curvatures  which  in  terms  of  1 JR  are  algebraically  the  greatest 
and  the  least  ratios  found  by  revolving  the  normal  plane  thru 
the  point   180  degrees. 

10.  Twisting  Shears  Change  Sign  in  Passing  Planes  of 
Principal  Curvature:  Since  planes  of  principal  curvature  of  the 
plate  as  a  whole  are  planes  of  greatest  and  least  curvature  the 
curvature  becomes  less  as  the  normal  plane  of  section  is  revolved 
in  either  direction  from  the  plane  of  principal  curvature;  hence 
the  twisting  shears  giving  rise  to  this  opposite  change  of  curvature 
must  be  of  different  sign.  This  relation  in  double  curvature  is 
analogous  to  that  in  cylindrical  curvature  where  the  shears  pass 
thru  zero  and  change  sign  as  the  bending  moment  passes  thru  a 
maximum  value. 

Corollary  1.  The  curvature  of  a  plate  in  the  plane  of  principal 
curvature  like  that  of  a  beam  is  determined  solely  by  the  bending 
moment  separate  and  distinct  from  the  total  applied  statical  mo- 
ment which  may  be  compounded  of  twisting  and  bending  moments. 
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Corollar>'  2.  The  equilibrium  of  horizontal  shears  in  horizontal 
planes  and  horizontal  fiber  stresses  takes  place  in  vertical  planes 
of  principal  curvature  of  the  plate,  just  as  in  beam  action  treated 
in  Chapters  Vll  and  X,  Sec.  11.  Since  twisting  shears  pass  thru 
zero  at  these  planes. 

Consequently,  the  curves  of  greatest  shear  and  principal  stress 
in  these  vertical  planes  may  be  drawn  in  the  same  manner  and  by 
applying  the  same  reasoning  as  was  done  in  the  stress  line  analysis 
of  l)eams,  Chapter  X,  Sec.  11. 

M.  Effective  Moment:  as  the  cause  of  bending  may  be 
defined  as  the  algebraic  sum  of  all  the  moments  between  the  sup- 
port and  a  section  al>out  parallel  axes. 

It  is  related  to  deflection,  thru  the  double  summation  of  moment 
areas  and  slope  areas  and  hence  deflections  along  planes  of  principal 
curvature  are  proportional  to  the  effective  moments  in  different 
cases  when  these  summations  over  EI  involve  similar  areas. 

Planes  of  symmetry  enable  the  separate  computation  of  twisting 
and  bending  moments  and  their  algebraic  sum  represents  the 
effective  moHtent  by  which  relative  deflections  may  be  figured 
under  the  limitation  noted  above. 

(a)  Uniform  Load:  Let  A  BCD,  Fig.  3/1,  be  a  square  plate 
supported  at  A  and  B  having  a  diagonal  span  L,  the  supports  D 
and  C  being  assumed  at  too  low  an  elevation  to  take  any  load  at 
all.  A  and  B  each  8uppf»rt  half  the  load.  The  center  of  gravity 
of  the  half  uniform  load.  W  '2  supported  l)y  B,  is  L/3  from  B,  and 
its  moment  is  WL/Q. 

Suppose  now  the  supports  A  and  B  are  luuticd  until  the  re- 
actions at  ABC  and  D  are  equal;  then  each  carries  U'    4,  Fig.  A/2. 

interference  of  Moments  at  right  angles  now  tx curs  ac- 
companied by  warping  or  twisting  of  plate.  Again,  in  the 
division  of  the  load  area  between  the  four  supports  the  form  of 
the  area  supported  by  each  post  has  changed  from  triangular, 
Fig.  Af  1,  to  rectangular,  Fig.  M2.  In  Ml  the  load  area  is  half  the 
plate  with  its  center  of  gravity  L/3  from  the  support.  In  A/2 
the  Umtl  area  carried  by  each  of  the  four  supports  is  a  (|uartcr  of  the 
panel  uh  g()hb  to  B  with  its  center  of  gravity  or  lever  for  moment 
lA  from  B.  Therefore  the  positive  applietl  moment  of  WL/a  in 
Ml  has  been  rcduce<l  to  WL/IQ  in  A/2.  It  has  first  been  halved 
Ml  keeping  with  four  supports  instead  of  two  and  been  further 
reduced  by  a  fourth  by  the  relative  change  in  position  of  the  center 
of  the  load  area  from  the  support  to  f  of  half  WL/Q  or  ]  of  WL/.Q. 
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Diagram  for  Moment  Computation 
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This  f  of  U  /.  «)  is  further  reduced  by  the  negative  twisting 
moment  alxjut  CD,  which  is  2  X  W /%  X  L/l2«  -  WL/AS  as 
rs  from  the  condition  that  by  symmetry  fg  and  eh  are  zero 
ical  shear  lines  hence  triangles  CgO  and  DhO  with  centers  of 
gravity  L/  12  from  CD  have  a  negative  twisting  moment  of  WL/48 
just  figured:  thereby  reducing  the  effective  moment  of  the  same 
uniform  load  when  carried  by  only  two  supports  A  and  B  by 
three  quarters  when  the  f«nir  supports  carr>'  equal  shares  of  the  load, 
(b)  Concentrated  Load  Anticlastic  Bending:  Fig.  1/5.  Let 
the  plate  b^  supported  at  A  and  B  and  loaded  at  C  and  D.  The 
resultant  travel  of  the  load  D  is  half  from  D  to  A  and  half  from  D 
to  B.  But  a.s  AB  and  DC  are  by  symmetry  zero  shear  planes 
half  the  load  at  D  travels  thru  the  material  of  the  triangle  DO  A  and 
half  thru  DOB.  If  the  plate  is  uniform  and  of  medium  thickness 
it  is  warped  in  such  wise  that  AD  and  DB  are  unbent  and  ef  and  gh 
are  straight  line  elements  of  the  warped  surface.  Consequently 
the  vertical  shear  must  1k»  uniformly  distributed  along  eO  and  the 
travel  of  the  center  of  gravity  of  the  load  is  DkA  thru  the  center 
of  the  area  of  the  triangle.  By  anti-clockwise  twi!*t  of  vertical 
elements  the  load  traveling  from  D  to  .4  is  first  moved  from  the 
plane  AD  to  Dk  thereby  distributing  the  vertical  reaction  uniformly 
along  eO.  At  eO  the  moment  passes  thru  zero  and  changes  sign 
and  the  twist  about  the  vertical  element  changes  from  anti-clock- 
wise to  clockwise  rotation,  moving  the  effective  shear  back  to 
the  direct  Une  of  travel.  In  other  words,  in  the  area  of  negative 
bending  anti-clookwise  twist  has  moved  the  half  load  at  D  the  dis- 
ance  L/S  in  its  travel  in  the  direction  of  OA  while  the  clock- 
wise twist  in  AOe  moves  if  an  additional  distanee  />  8  along  Oj4 
but  in  the  direction  A'  TIh-  lever  arm  of  effecti\t  !.<  ii.lmi;  is  thus 
nnluced  to  the  distance  AO  2  and  the  deflection  at  ()  is  therefore 
«»ii«-  li.ilf  as  great  as  though  the  loads  at  ('  an<l  D  were  applied  at  O. 
It  thus  appears  that  the  interference  of  equal  moments 
at  right  angles  to  each  other  whether  of  like  or  unlike  sign 
reduce  the  numerical  magnitude  of  the  effective  couple 
one  half,  while  doubling  the  number  of  supports  again  halves  the 
•  fTective  moment  in  synclastic  curvature. 
^  The  experimental  pnM>f  in  anticlastic  curvature  presents  the  fol- 

■B  lowing  unique  characteristics.     If  the  thickneiw  of  tiie  plate  be 
of  the  order  of  one  twentieth  to  one  fortieth  of  the  length  so  that 
the  applied  loads  niav  Im-  large  in  comparison  to  the  <lead  load 
weight,  satisfactory  .i< .  ..i.|  m  resuhs  is  observed.     If  the  plate  be 
hin  the  curious  phenomena  of  Art.  2  will  be  observed  but  the 
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ratio  of  half  deflections  maintained.  Again,  if  the  order  of  thick- 
ness be  approximately  one  over  two  hundred  and  there  be  some 
residual  strain  in  the  plate  as  commonly  found  in  celluloid  then 
a  degeneration  into  cylindrical  curvature  about  either  axis  may 
occur. 

12.  The  Applied  and  Resisting  Moments  Parallel  to  the  Sides 
of  Uniformly  Loaded  Square  Panels  Supported  on  all  Four  Sides: 

Let  W  be  the  total  uniform  panel  load  then  the  total  uniform 
load  on  A0BD  =  W/4i  and  so  far  as  statical  moments  are  concerned 
it  may  be  taken  to  act  at  the  center  of  AOBD.  This  load  has  a 
statical  moment  of  WL/lQ  about  any  axis  parallel  to  either  side  when 
taken  with  the  equal  reaction  of  the  comer  support  in  case  L  is  the 
length  of  the  side,  and  each  of  these  two  independent  applied  mo- 
ments at  right  angles  to  each  other  must  be  independently  held  in 
equilibrium  by  resisting  moments  in  those  portions  of  the  beams  and 
slab  that  are  in  this  quarter  panel.  ^ 

In  order  to  find  out  just  what  these  resisting  moments  are  the 
distribution  of  the  load  upon  the  beams  as  well  as  the  shearing 
stresses  in  the  panel  must  be  considered.  The  load  upon  the  beams 
is  uniformly  distributed,  viz.,  W/S  upon  AD  and  BD  respectively, 
thus  producing  a  bending  moment  of  WL/32  in  each  side  beam. 
Each  beam  consequently  resists  one  half  the  total  applied  moment 
in  that  direction  in  AOBD. 

Now  consider  the  manner  in  which  the  quarter  panel  of  the 
slab  transfers  the  load  to  the  beams  by  the  shears  and  moments 
produced  in  the  slab.  It  is  evident  by  symmetry  that  OA,  OB  and 
OD  are  lines  of  zero  vertical  shear  at  all  points.  In  fact,  every 
vertical  plane  through  0  cuts  the  slab  in  a  section  of  zero  vertical 
shear  at  all  points  in  case  the  side  beams  are  uniformly  loaded,  as 
they  must  be  provided  the  stiffness  of  the  slab  is  small  per  unit  of 
width  compared  with  that  of  the  beams. 

Subdivide  AD  and  BD  each  into  the  same  number  of  equal 
segments  and  join  these  points  of  subdivision  with  0.  Then  the 
elementary  triangles  so  formed  are  equal  to  each  other  in  area,  and 
if  any  line  as  PE  be  drawn  parallel  to  AD  the  vertical  shear  m  each 
of  the  segments  of  PE  is  equal  to  the  load  on  the  triangular  area  be- 
tween it  and  the  two  sides  radiating  from  0,  because  these  sides  be- 
ing lines  of  zero  shear,  the  whole  load  on  the  triangle  must  be  sup- 
ported by  the  shear  on  that  segment  of  PE  which  constitutes  the  base 
of  the  triangle  in  which  alone  a  vertical  force  is  applied  in  the  form 
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of  a  shear.  This  subdivision  into  elementar>'  triangles  consequently 
transfere  the  total  load  W/S  which  is  situated  upon  the  triangle 
AOD  to  the  beam  AD  and  distributes  it  there  uniformly  along  AD 
and  in  so  doing  calls  into  play  a  moment  WL/48  which  is  the  product 
of  the  load  W'/8  by  the  distance  L/6  between  the  center  of  gravity 
of  this  triangular  load  and  the  beam  AD  which  supports  it. 

In  order  to  consider  more  in  detail  this  transfer  of  the  load  W/S 
from  the  center  of  gravity  G  of  AOD  to  C  its  center  of  support  on 
AD  along  which  W/S  is  uniformly  distributed,  introduce  two  equal 
and  opposite  vertical  shears  ±  W/S  at  A'  the  one  third  point  of  ^D. 
Then  AC  =  L/4,  AK^L/6,  KC^L/ 12,  and  GK'L/6. 

In  transferring  the  load  W/S  from  G  to  AD,  the  resultant  of  all 
the  vertical  shears  on  planers  like  PE  parallel  to  AD  is  a  vertical 
dwar*  ±  W/S  at  G,  and  the  resultant  of  all  the  vertical  supporting 
flheara  at  the  edge  of  the  beam  AD  is  a  vertical  shear = — W/S  at  C. 
Now  introduce  at  K  the  equal  and  opposite  shears «  ±  W  ^S  which 

tire  in  equilibrium  with  each 
other  and  are  parallel  to  the  re- 
sultants at  G  and  C.  These  two 
shears  so  introduced  at  K  will 
not  disturb  the  equilibrium  al- 
ready existing  and  may  be  con- 
sidered in  combination  with  the 
forces  previously  enumerated. 

Take  the  couple  of  sh^irs 
+  W/S  at  G  and  —W/S  at  K. 
They  produce  a  moment  WL/4S 
about  any  axis  parallel  to  AD, 
which  is  a  bending  moment  be- 
cause the  shears  are  in  vertical 
Planes  parallel  to  the  axis  of  moments.  This  is  the  bending  moment 
hi  the  slab  which  has  been  aln>ady  obtained. 

Again,  take  the  couple  of  vertical  shears  +  W/S  at  K  and  —W/S 
at  C,  a  couple  of  shears  both  of  which  act  in  the  vertical  plane  thru 
AD,  and  which  therefore  constitute  a  twisting  moment  alK>ut  an  axis 
perpendicular  to  AD  of  an  amount  equal  to  the  product  of  W/S  by 
L/12  vi*.  FrL/96.  Hence  the  loads  upon  AOD  and  BOD  together 
produce  a  bending  moment  of  WL/4S  and  a  twisting  moment  of 
HX/96  or  a  total  of  WL/Z2  about  each  of  two  axes  parallel  re«p<>c- 
tively  to  the  lidet  AD  and  BD.  Thc«e  bending  and  twisting  mo- 
ments are  renated  by  the  material  of  the  alab,  and  serve  to  tranafer 


ric-  3ft 


34  SLAB  ACTION 

the  load  to  the  beams  so  that  of  the  total  applied  statical  moments 
WL/16  about  each  side,  one  half  is  resisted  by  bending  moments  in 
the  beams,  one  third  by  bending  moments  in  the  slab  and  one  sixth 
J^y  twisting  moments  in  the  slab. 

Since  every  element  of  load  on  a  plate  produces  some  twisting 
moment  it  appears  that  twisting  moment  is  an  essential  constituent 
of  "plate  action"  as  distinguished  from  "beam  action". 

The  measure  of  the  twisting  moment  in  this  combination  of  beams 
and  slab  is  one  sixth  of  the  total  statical  applied  moment  of  the  load 
or  one  third  of  the  total  statical  moment  applied  to  the  slab. 

Since  the  secret  of  slab  action  resides  in  the  twisting  moments  it 
is  desirable  to  further  consider  the  manner  in  which  these  moments 
arise :  In  order  so  to  do,  consider  first  the  twisting  of  a  bar  or  shaft 
of  rectangular  cross  section  subjected  to  a  uniform  twist  from  end 
to  end  by  the  application  of  equal  and  opposite  twisting  moments 
at  its  two  ends  respectively.  It  is  known  that  the  greatest  shearing 
stresses  in  the  right  cross  sections  of  such  a  shaft  are  found  at  the 
middle  of  the  longer  sides  and  that  they  act  parallel  to  those  sides, 
altho  at  first  sight  it  would  seem  as  if  the  greatest  intensity  of  shear 
would  occur  at  such  points  as  are  at  the  greatest  radial  distance  from 
the  axis  of  twisting.  Such,  however,  is  not  the  fact  because  it  is  the 
relative  rigidities  of  the  several  parts  of  the  rectangular  cross  section 
which  determine  the  distribution  of  the  resistance  to  twisting.  It  is 
evident  that  the  total  resistance  to  shearing  distortion  between  two 
neighboring  rectangular  right  sections  of  a  wide  bar  is  much  greater 
along  the  long  side  than  across  it,  for  any  shearing  distortion  can  be 
produced  in  the  thickness  of  the  bar  more  easily  than  in  its  breadth, 
whether  it  be  simple  shear  or  a  twist  about  the  axis.  Hence  it  appears 
that  the  intensity  of  the  distribution  of  the  shears  in  the  right  sec- 
tion of  a  rectangular  bar  is  really  controlled  by  the  relative  shearing 
rigidity  of  its  parts  and  not  by  the  relative  distance  of  these  parts 
from  the  axis  of  twist  as  might  at  first  be  supposed.  The  relative 
intensity  of  these  maximum  shears  on  the  long  sides  is  dependent 
upon  the  relative  length  and  breadth  of  the  rectangular  cross  section, 
being  larger  the  greater  the  relative  length  of  the  section  compared 
with  its  breadth. 

This  admitted  experimental  and  theoretical  result  is  intimately 
related  to  Kirchhoff's  theorem  as  to  the  conditions  of  equilibirum  at 
the  boundary  of  a  plate  subjected  to  external  forces,  which  theorem 
states  that  when  a  twisting  moment  of  given  intensity  per  unit  of 
width  of  section  of  a  horizontal  plate  is  produced  by  vertical  shears 
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in  that  section  or  bounding  surface  the  same  twisting  moments  may 
be  otherwise  produced  by  applying  instead  equal  and  opposite 
horizontal  shears  in  the  same  lx)unding  section,  a.nd  any  difference 
in  effect  between  the  action  of  twisting  moments  of  equal  intensity 
produced  in  these  two  different  ways  will  not  extend  more  than  an 
infinitesimal  distance  from  the  section  into  the  plate. 

Now  let  a  vertical  plane  P'E'  parallel  to  AD  pass  close  to  PE, 
then  the  magnitude  of  the  total  twisting  moment  acting  between 
PE  and  P'E'  about  ^40  is  the  product  of  the  total  vertical  shear  S 
across  PE  taken  as  acting  at  G  muliplied  by  the  distance  G'K'  by 
which  it  is  shifted  along  PE  in  being  transferred  to  G'.  Since  the 
shift  parallel  to  i4D  of  the  vertical  shear  on  opposite  faces  of  any 
one  of  the  elementar>'  paralU'lograms  that  make  up  the  area  PEE'P* 
increases  uniformly  from  E  to  P,  the  intensity  of  the  twisting  moment 
about  AO  applied  to  PE  increases  uniformly  along  EP  from  aero  at 
E  on  the  me<lian  line  to  P  on  the  diagonal.  In  this  reasoning  the 
section  PE  which  is  employed  has  no  reference  to  the  center  of 
gravity  G,  but  is  a  section  drawn  parallel  to  AD  anyA*'here  between  O 
and  AD.  Moreover  the  total  twisting  moment  on  PE  increases  uni- 
formly with  its  distance  from  O,  i.  e.  is  proportional  to  the  length 
of  PE  itself. 

Now  the  application  of  the  facts  mentioned,  respecting  the  twist- 
ing of  rectangular  shafts  and  Kirchhoff '^  theorem  on  boundary  con- 
diticMiB,  to  flat  plates  or  slabs  where  the  twists  are  produced  by  the 
shifting  laterally  of  vertical  shears  is  this: — 

In  a  vertical  rectangular  section  of  a  plate  in  which  the  thick- 
neflB  is  80  small  compared  with  the  breadth  as  it  is  in  a  floor  or 
slab  all  the  shearing  resistance  to  a  twist  in  the  section  practically 
oonsists  of  horizontal  shears  of  opposite  sign  above  and  below  the 
neutral  surface  which  increase  from  zero  intensity  at  that  surface  to 
thdr  greatest  positive  and  negative  values  at  the  upper  and  lower 
faces  of  the  slab,  and  this  notwithstanding  the  fact  that  these  twists 
are  produced  by  the  shifting  laterally  of  vertical  shears  between  this 
and  parallel  sections. 

Having  thus  discovered  the  distribution  of  the  twisting  moments 
in  their  action  upon  any  elementary  prism  of  the  strip  PEB'P'  whose 
horizontal  cross  section  is  PQQ'P*  for  example,  which  extends  ver- 
tically thru  the  thickness  of  the  plate  or  slab  let  us  c<Misider  the  actkm 
upon  this  prism  of  the  applied  bending  moment  and  twisting  mo- 
ment s(Nnewhat  more  in  detail. 
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Fig.  26 
Horizontal  Lamina   or  element   of 
vertical  rhomboidal  prism  ex- 
tending thru  the  plate. 


Let  +i?  and  — H  be  the  horizontal  shears  that  act  parallel  to 
AD  on  the  vertical  edges  of  a  horizontal 
lamina  PP'Q'Q  one  unit  thick.  The 
intensity  of  these  stresses  ±H  depends 
upon  the  distance  of  this  lamina  above 
or  below  the  neutral  surface;  those 
above  the  neutral  plane  will  tend  to 
twist  the  prism  in  one  direction,  while 
those  below  it  will  tend  to  twist  it  in 
the  opposite  direction,  the  entire  sys- 
tem of  shears  being  held  in  equilibrium 
by  the  twisting  resistance  of  the  prism 
about  its  vertical  axis.  There  are  no 
vertical  or  horizontal  shears  upon  the 
vertical  faces  PP'  and  QQ'  since  these 
lie  in  planes  of  zero  shear,  but  there  are 
opposite  normal  stresses  -\-T  and  — T 
upon  the  faces  PQ  and  P'Q'  of  different  signs  above  and  below  the 
neutral  axis  which  are  due  to  the  bending  moment.  Since  -\-T  and 
— T  altho  parallel  are  not  along  the  same  straight  line,  those  acting 
on  every  lamina  above  the  neutral  plane  will  produce  a  twist  about 
a  vertical  axis  which  will  be  held  in  equilibrium  bj^  an  equal  opposing 
twist  due  to  the  forces  acting  on  corresponding  lamina  below  the 
neutral  plane.  The  above  mentioned  twists  and  any  twists  due  to 
normal  stresses  on  the  vertical  faces  PP'  and  QQ'  are  resisted  by 
twisting  shears  in  the  neutral  plane  and  planes  parallel  to  it,  whose 
intensity  decreases  with  the  distance  of  the  plane  from  the  neutral 
surface  and  they  call  for  no  resistance  elsewhere. 

From  this  explanation  and  expose  it  is  evident  that  the  horizontal 
shears  on  the  vertical  sides  of  a  prismatic  element  extending  thru  a 
plate  have  no  necessary  relation  to  the  horizontal  shears  on  vertical 
planes  at  right  angles  to  them  since  they  each  merely  produce  in- 
dependent self-contained  twists  in  the  prism,  and  the  proposition 
which  has  been  used  in  establishing  the  accepted  fundamental  dif- 
ferential equations  of  plates  to  the  effect  that  the  intensity  of  twist- 
ing moments  is  the  same  on  any  two  vertical  planes  that  cross  at 
right  angles  is  not  necessarily  true  since  it  is  based  on  incorrect 
assumptions  which  omit  to  consider  twists  about  the  vertical. 

I2b.    The  Applied  Bending  and  Twisting  Moments   About    the 
Diameter  of  a  Circular  Cantilever  Plate  Restrained  at  its  Center: 

(/)  Uniform  load  thruout.  Let  AOBD  Fig.  27  represent  one 
quarter  of  a  uniform  circular  plate  of  radius  =  i2  restrained  at  0. 
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Let  W  be  the  uniformly  distributed  UmA  upon  the  entire  plate,  then 

the  total  uniform  load  upon  AOBD'^W/i,  and  so  far  as  moments 

m  -.r  T^n  or^.  '-Mnot'nKMl,  this  load  may  be  taken  to  act  at  C 

the  center  of  gravity  of  this  quad- 
rant at  a  distance  4ff/3T»0.424 
R  from  AO  and  liO.  This  load 
when  taken  with  the  cfjual  re- 
action of  the  central  support  has 
a  statical  moment  =  WR/3r  lx)th 
alx>ut  AO  and  about  BO  inde- 
pendently. 

E^ch  of  these  applieti  mo- 
ments must  be  held  in  equilibrium 
by  resisting  moments  in  the  ma- 
terial of  thus  quarter  of  the  plate, 
an<l  in  onler  to  detennhie  in  more 
detail  how  this  is  accomplished  it 
may  Im-  noteci  that  all  diametral  sections  thru  O  cut  out  by  radial 
plaiK's  are  sections  of  wro  shear  at  all  iK)ints  of  these  sections,  and 
that  the  load  is  transferred  by  vertical  shears  to  O  along  radial  lines 
only.  For  example,  the  loa<l  upon  any  area  ADPE  is  carried  by  the 
vertical  shear  in  the  section  PE  U'tween  it  and  0.  Now  let  D  be  the 
middle  point  of  the  quarter  circmnference  AB,  Then  the  load  H'/S 
upon  the  octant  ADO  may  l)e  regardeti  as  transfern*d  to  O  by  shear 
in  sections  of  ADO  parallel  to  BO  and  by  the  moments  that  these 
shears  produce.  1^'t  O  Ik»  the  center  of  gravity  of  the  load  on  the 
octant  ADO,  tlun  o/;=4 V2ft/3F-0.6/?,  and  GE^OE  tan 
22**30'- 0.25ft  nearly 

The  resultant  of  all  tli<-  shears  in  ADO  may  be  taken,  so  far  as 
the  moments  produced  by  tliem  is  ctmoemed,  as  a  resultimt  shear 
ir/8  acting  at  0  the  center  of  gravity  of  ADO  in  the  section  PE 
parallel  to  BO,  while  the  reactkm  of  the  support  which  supports  this 
part  of  the  load  acts  either  at  0  or  near  by  at  some  section  JK  of 
the  column  cap  parallel  to  BO.  At  E  introduce  two  equal  and  op- 
posite vertical  shears,  ±W/%  in  the  plane  PE  which  will  in  no  way 
disturb  the  action  of  other  shears.  Tlieu  the  vertical  shear — W/9^ 
at  O,  taken  with  -f  H'/S  at  E  acting  lutrallel  to  K>  will  pnxluce  a 
moment  about  OB  of  OA'X  IF/8 -0.6  R  W/%  which  is  a  l)endmg 
moment  because  the  shears  producing  it  act  <>ti  iilanes  parallel  to 
the  axis  of  moments  OB. 

Again,  the  vertical  shear  — Tf/S  at  E  and  -^W/Z  at  0  acting  in 
the  plane  PE  will  pro<luce  a  moment  about  OA  of  amount  OEX  W/% 
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=  0.25  R  W/8,  which  is  a  twisting  moment  about  AO,  because  the 
shears  producing  it  both  act  in  the  plane  PE  at  right  angles  to  the 
axis  of  moments.  These  two  moments  and  the  shear  W/S  at  G 
parallel  to  OB  transfer  the  load  in  this  octant  to  0.  Likewise  the 
shear  W/S  in  BDO  acting  in  vertical  planes  parallel  to  AO  transfers 
the  load  on  the  octant  BDO  to  0  by  help  of  bending  moment  =  0.6  R 
W /S  about  AO,  and  a  twisting  moment  about  BO  =0.25  RW  /8. 

The  total  statical  moment  about  AO  or  BO  is  the  sum  of  the 
bending  and  twisting  moments  about  either  axis,  viz. 

(0.6+  0.25)R  W/8  =  0A25  R  W/4: 
which  is  the  same  amount  as  was  obtained  when  the  quadrant  was 
treated  as  a  whole.  But  this  detailed  analysis  has  established  the 
fact  that  the  statical  moment  about  each  of  the  independent  axes 
AO  and  BO  at  right  angles  to  each  other,  viz.  0.424  R  TF/4,  is  made 
np  of  two  parts,  only  one  of  which  is  a  bending  moment,  viz.  0.3  R 
TF/4,  so  that  the  bending  moment  is  only  70%  of  the  total  statical 
moment,  while  the  twisting  moment  which  measures  the  slab  action 
amounts  to  30%  of  it,  in  case  the  reaction  of  the  support  is  con- 
centrated at  the  point  0.  But  in  case  the  reaction  of  the  support  is 
taken  to  be  uniformly  distributed  over  the  area  of  a  circular  cap  of 
radius  =  jRo  the  bending  moment  about  a  diameter  will  be  only 
0.3(7^ — Ro)W/4,  so  that  when  Rq  has  a  minimum  value  of  0.2R  the 
bending  moment  is  only  0.24  R  W/4:  or  less  than  51%  of  the  statical 
applied  moment. 

The  distribution  of  the  twisting  moment  along  any  section  PE 
depends  both  on  the  intensity  of  the  vertical  shear  along  PE  and  on 
the  shift  of  shear  between  any  segment  PQ  and  the  adjacent  parallel 
segment  P'Q'.  This  shift  is  zero  at  E  and  increases  continuously 
from  E  to  P  because  of  the  decreasing  angle  at  which  PE  intersects 
the  several  radii  between  AO  and  AD.  The  twisting  moment  along 
EP  reaches  its  maximum  intensity  at  P  on  the  radius  that  makes  an 
angle  of  45°  with  PE,  and  total  twisting  moment  on  any  section  par- 
allel to  PE  becomes  greater  the  greater  its  distance  from  A  where  it 
is  zero.  It  is  evident  therefore  that  the  intensity  of  the  twisting 
moment  along  any  section  that  is  a  chord  of  a  circular  cantilever 
plate,  is  zero  at  the  middle  of  the  chord,  and  increases  along  the 
chord  to  the  point  where  it  intersects  a  radius  at  45°  with  it  after 
which  it  diminishes  to  zero  at  the  edge  of  the  plate. 

(2)  Uniform  load  around  the  circumference:  Let  0  be  the  center 
of  the  plate  and  ADB  be  one  quarter  of  the  loaded  circumference 
which  carries  a  load  TF/4,  whose  center  of  gravity  is  situated  at  a 
perpendicular  distance  of  2ft/7r  =  0.6366i2  from  either  AO  or  BO,  so 
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t  it«  statical  moment  about  AO  or  BO  is  the  pro<luct  of  W/i  by 
distance,  viz,  RW/2w0.63e6RW /A. 

Now  consider  the  separate  loads  W/S  upon  the  two  octants  AD 
and  BD.  The  center  of  gravity  of  a  uniform  load  on  ^i>  is  situated 
at  perp<*ndicular  distance  of  2/?  V2/t  =  0.9ft  from  BO,  and  at  a  dis- 
tance of  0.9/?  tan  22^30' =0.373/?  from  AO  so  that  the  load 
W/S  upon  AD  has  a  moment  =  0.9/? If/S  about  BO  and  a  moment 
-0.373/?ir/8  about  AO. 

The  first  of  these  moments  is  a  bending  moment  and  the  other  a 
twisting  moment.  Again,  when  we  consider  the  load  W/S  upon  the 
area  BD  it  produces  a  bending  moment  and  a  twisting  moment  about 
AO  and  BO  respectively  of  the  same  magnitudes  as  those  just  com- 
puted; so  that  the  total  moment  about  either  AO  or  BO  =  (0.9  -f 
0.373)/?ir/8  =  0.636/?ir/4,  i.  e.  the  same  as  that  previously  cal- 
culated. This  twisting  moment  is  more  than  41%  as  large  as  the 
bending  moment. 

It  is  easy  to  find  the  position  upon  ON  of  the  <  <  nt.i  of  gravity  of 
a  composite  load  on  AOD  which  is  made  up  of  one  part  uniformly 
distributed  over  the  area  of  the  plate  and  another  part  uniformly 
distributed  around  its  circumference  in  case  the  relative  magnitudes 
of  these  parts  are  known.  It  is  evident  that  the  magnitude  of  the 
twisting  moments  produced  by  such  a  composite  load  about  any 
radius  is  more  than  40%  of  the  bending  moment  about  that  axis, 
since  that  is  the  fact  respecting  each  of  the  component  loads  sep- 
arately. The  total  statical  moment  about  the  axis  is  the  sum  of  the 
twisting  and  lK*nding  moments  taken  together. 

13.     Statical     Demonstration  of  the  magnitude  of  the  l)ending 
moment  parallt'l  to  each  edge  of  a  squan*  panel  of  a  column  sup|>orte<l 
flat  plate.     In  Fig.  26  let  O  l>e  at  thr  middle  of  a  panel  and  D  at  the 
center  of  a  column  cap  of  which 
HJK  is  the  quarter  of  the  peri- 
meter lying  within   flu*   (^tiurter 
panel  OADB. 

In  ca^e  of  a  total  unifonn  load 
of  H'  pounds  |x»r  jmnel  of  a  con- 
tinuous uniform  plate  of  many 
panels,  since  by  reascm  of  8>'mme- 
try  the  diagonal  OD  as  well  as  all 
four  flidea  of  OADB  are  lines  of 
lero  vertical  shear  at  all  points, 
the  entire  load  S  resting  upon  the 
trapeioidal  aieft  OAUJ  is  wholly 
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supported  by  the  vertical  shears  at  the  edge  HJ  of  the  cap,  and 
the  equal  load  S  on  the  area  OBKJ  by  the  shear  at  the  edge  KJ. 

Similarly  the  vertical  shear  at  any  section  PE  parallel  to  OA  is 
equal  to  the  load  upon  the  area  OAEP  lying  between  PE  and  the 
median  line  OA. 

Let  G  be  the  center  of  gravity  of  the  area  OAHJ,  then  DG  bisects 
both  PE  and  OA  and  all  sections  parallel  thereto,  and  the  resultant 
shear  S  due  to  the  entire  load  PF/4  upon  OAHJ  acts  at  G,  but  is 
transferred  from  G  and  applied  to  HJ  by  help  of  the  statical  mo- 
ments produced  in  the  plate  by  this  transfer. 

In  order  to  determine  precisely  what  these  moments  are,  assume 
lengths  ST  and  ER  equal  and  parallel  to  HJ,  and  for  convenience 
let  the  resultant  shear  S  at  G  he  uniformly  distributed  along  ST. 
Also  assume  that  two  equal  and  opposite  shears  equal  to  S  act  on 
ER.  They  will  in  no  way  disturb  the  equilibrium  already  existing 
because  they  themselves  constitute  a  system  in  equilibrium  and 
may  consequently  be  arbitrarily  introduced  into  the  system  pre- 
viously existing  for  the  purpose  of  demonstration,  if  so  desired, 
without  affecting  results  in  any  way. 

Now  designating  upward  shears  applied  to  OAHJ  as  negative 
and  downward  as  positive  the  shears  and  moments  acting  on  OAHJ 
may  be  enumerated  in  pairs,  as  follows: 

1st.  A  negative  shear  S  at  HJ  and  a  positive  shear  S  at  ER, 
these  together  transfer  the  reaction  S  of  the  support  from  I  to  L 
and  in  doing  so  produce  a  bending  moment  =  SX I L  about  OA  or 
BD  or  some  other  axis  perpendicular  to  IL. 

2nd.  A  negative  shear  S  at  ER  and  a  positive  shear  S  at  ST, 
these  together  transfer  the  supporting  reaction  from  LtoG  and  hold 
the  resultant  load  S  in  equilibrium  at  G  and  in  so  doing  produce, 
(since  they  are  equal  and  opposite  shears  in  the  same  plane)  a  twist- 
ing moment  =  aSXL(7  about -4  D  or  OB  or  some  other  axis  perpen- 
dicular to  LG. 

Similarly  the  load  upon  OBKJ  produces  a  positive  resultant 
shear  SatC  the  center  of  gravity  of  this  load  at  the  mid  point  of  PF, 
and  this  with  the  negative  shear  S  at  KJ  produces  a  bending  mo- 
ment =>SXVC/  about  some  axis  as  AD,  perpendicular  to  VU  and  a 
twisting  moment  =  *SX  C/C  about  some  axis  as  jBD,  perpendicular  to  UC. 

But  LG  =  ^VU,  and  UC  =  ^IL.  Hence  the  twisting  moment 
about  either  axis  perpendicular  to  a  side  of  the  panel  is  one  half  as 
great  as  the  bending  moment  about  the  same  perpendicular,  and  the 
load  S  upon  each  of  the  trapezoidal  areas  OAHJ,  OBKJ  produces  a 
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moment  alx>ut  an  axis  parallel  to  one  skle  of  the  panel  and 
twietiiig  moment  about  an  axis  perpendicular  to  thut  side. 

In  case  the  column  cap  is  reduced  in  sixe  to  a  mere  point  at  D 
each  trapesoid  becomes  a  triangle  of  area  —  iL*,  and  IXt  =  VC  »■  L/6, 
while  IL'^VU''\L.  Hence  the  bending  moment  Mx  reduces  in  this 
case  to  If L/24  and  the  twisting  moment  to  WL/A%.  With  the 
ordinary  site  of  column  caps  the  moment  each  way  reduces  to  TFL/lG 
and  sometime*  with  a  large  cap  to  as  low  as  WL/'XS  as  will  later  be 
developed.    Similar  results  hold  true  in  case  the  panel  is  not  square. 

Remarks:  The  total  statical  moment  about  a  side  for  the  entire 
load  on  a  half  panel  between  a  median  line  and  a  parallel  panel  edge 
is  twice  the  sum  of  both  the  bending  moment  and  the  twisting  mo- 
ment for  a  quarter  p>anel.  This  sum  amoimts  to  ITL/S,  which 
statical  moment  must  be  held  in  equilibrium  by  the  resistance  of 
the  combined  bending  and  twisting  moments  that  act  in  the  material 
of  the  plate  about  the  side  in  question. 

14.  Equilibrium  of  an  Elementary'  Vertical  Prism  Under  Bending 
Moment  and  Twisting  Moment.  If  in  Fig.  30.  on  a  previous  page, 
AO  be  divided  into  equal  parts  and  radial  lines  be  drawn   from 

point  of  support  D  to  each  of 
points  ef'division  as  in  Fig. 
31,  each  pair  of  consecutive  rays 
will  bound  a  triangular  area  such 
as  NxDA,  NtDNi,  etc.,  having 
a  common  height  and  base  and 
theref<M«  of  equal  area  though 
different  in  configuration. 

Each  of  the  radial  seotionB 
thru  D  is  a  section  of  sero 
shear  at  every  point  and  the 
load  upon  any  trapesoklal  area 

such  as  that  between  ^  and  the  oorresponding  sefmant  of  AO  pio- 
duoes  a  vertical  th^Lt  at  ef  equiU  to  that  load. 
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Fig.  32 


Designate  its  amount  per  unit  length  of  ej  by  +s,  then  the  down- 
7  ward  applied  vertical  force  exerted  on 

the  element  ejgh  at  e/  by  the  load  be- 
tween it  and  AO  differs  by  no  more 
than  an  infinitesimal  amount  from  the 
upward  supporting  force — s  exerted 
on  it  at  gh  by  the  triangular  portion  of 
the  plate  between  gh  and  D.  These 
forces  are  vertical  shears  of  intensity 
+s  which  are  uniformly  distributed 
along  ej  and  gh. 

It  is  to  be  observed  that  these  shears 
on  ej  and  gh  are  not  perpendicularly 
opposite  to  each  other,  but  on  account 
of  the  obliquity  of  the  rhombus  ejgh 
one  shearing  force  is  shifted  laterally 
with  respect  to  the  other,  at  the  same 
time  that  it  is  shifted  perpendicularly  to  the  plane  on  which  it  acts. 
The  perpendicular  shift  produces  bending  moment,  and  the  lateral 
shift  twisting  moment  as  may  be  seen  from  Fig.  32,  where  the  ver- 
tical shearing  resistance  which  the  element  ejgh  exerts  at  its  back 
face  eij'e'  on  the  trapezoid  between  it  and  AO  is  taken  as  equal  and 
opposite  to  that  at  the  front  face  ghh'g'  on  the  triangle  Dej.  In  this 
Fig.  32  it  does  not  appear  so  clearly  as  on  Fig.  31  that  these  forces 
are  not  directly  opposite  each  other,  but  that  may  nevertheless  be 
readily  understood. 

Vertical  shear  is  uniformly  distributed  along  any  section  PE 
parallel  to  AO  as  may  be  seen  from  the  fact  that  the  shears  on  equal 
segments  are  produced  by  equal  portions  of  the  load.  It  should  be 
further  noted  that  since  the  twisting  moment  depends  upon  the 
lateral  shift  of  this  imiform  shear  it  increases  uniformly  from  zero 
at  E  to  its  greatest  value  at  P  at  the  diagonal  I>0. 

Now  the  twisting  moment  produced  by  this  lateral  shift  of  the 
vertical  shears  between  front  and  back  faces  about  a  horizontal  axis 
Y  is  such  as  would  tend  to  cause  the  laminae  parallel  to  front  and 
back  faces  to  twist  around  on  each  other  about  Y .  But  the  couple 
furnished  by  horizontal  shears  ±11  on  the  back  face,  and  horizontal 
shears  +H  on  the  front  face  will  cause  the  same  kind  of  twisting  about 
Y .  As  already  explamed  these  horizontal  shears  in  vertical  planes 
are  the  effective  resisting  shears  in  plates  so  far  as  twisting  moments 
about  horizontal  axes  are  concerned. 

It  will  be  observed  that  the  horizontal  shears  J:H  on  that  part 
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of  the  front  and  the  back  face  that  is  above  the  neutral  surface 
faraidi  a  twisting  moment  about  the  vertical  axis  Z  that  increases  in 
magnitude  from  the  top  surface  to  the  neutral  surface,  etc.,  and  fur- 
ther that  it  is  held  in  equilibrium  by  the  opposite  twisting  moment 
produced  by  +//  below  the  neutral  surface.  These  moments  tend  to 
make  the  prism  twist  about  the  axis  Z.  So  far  it  does  not  appear 
that  there  is  any  necessarj*  connection  between  these  horizontal  shears 
on  vertical  planes  and  the  vertical  shears  on  the  same  planes. 

When  the  intensities  of  the  shears  are  equal  on  vertical  planes  at 
right  angles  to^each  other  they  have  equal  and  opposite  twisting  mo- 
ments about  a  vertical  axis  and  neutralise  each  other.  But  this 
need  not  take  place.  As  already  seen  on  a  previous  page  twisting 
moments  about  a  vertical  axis  may  also  be  produced  otherwise  than 
by  these  shears,  viz.  by  the  lateral  shifting  of  the  longitudinal  bend- 
ing stress  T.  The  relative  amounts  of  resistance  to  the  resultant 
twisting  moment  about  a  vertical  axis  per  horizontal  unit  of  area  are 
adjusted  between  unequal  horizontal  shears  on  \(  rtual  planes  at 
right  angles  and  the  twisting  shears  on  horizontal  planes  by  the  re- 
lative rigidities  of  these  two  kinds  of  resistance.  And  it  is  by  means 
of  this  adjustment  that  the  longitudinal  stresses  of  the  bending 
momokts  are  differently  distributed  in  different  cases.  For  example 
in  the  crown  sheet  of  a  boiler  which  is  pierced  for  stay-bolts  at 
points  of  support  the  stresses  across  the  sides  of  the  panels  are  dif- 
ferent from  the  stresses  in  a  plate  not  so  picrcetl. 

It  is  to  be  noticed  that  the  preceding  discussion  does  not  require 
the  intensities  of  the  shearing  components  of  the  stresses  on  vertical 
planes  which  are  at  right  angles  to  each  other  to  be  equal,  because 
of  the  intensity  of  the  twisting  moments  that  may  exist  on  horizon- 
tal planes.  In  this  particular  the  equiUbrium  of  a  rectangular 
elementar>'  prism  extending  from  top  to  bottom  of  a  flat  plane  differs 
from  that  of  a  horizontal  prism  extending  thru  from  side  to  side  of  a 
beam,  which  last  is  so  symmetrically  situated  !»ith  respect  to  the 
diearing  streaes  that  no  twisting  moments  can  occur  in  it  as  they 
can  occur  in  an  element  of  a  flat  plate.  For  this  reason,  vertical 
and  horizontal  shearing  strewn  have  equal  intensities  in  simple 
hfflt^lwj^  horizontal  shears  on  vertical  planes  at  right  angles  need 
not  f>f>>Nn[fii,l  irt  flat  plates. 

l>.  Uatjinf  and  Twisting  of  Flat  Plates.  Let  us  consider  the 
a<  turn  of  a  Mngle  concentrated  k)ad  W  applied  at  the  center  0  Fig. 
OS  of  a  thin  square  plate  which  is  freely  supported  upon  but  not 
fu>ttned  to  fuur  rigid  side  beams  that  extoid  from  column  to  column. 
^^  %>IB^  ^  I*'!*  enough  to  produce  a  center  defleetaon  of  one 
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or  two  percent  of  the  span  L.  Under  such  deflection  the  comers  of 
the  plate  would  rise  from  their  supports.  The  statical  moment  of 
the  reactions  at  two  supports  like  a  and  6  on  a  single  side  about  a 
median  line  XX  of  the  plate  would  be  \WL.  Since  the  plate  curves 
upward  from  the  beams  at  and  near  its  comers,  the  applied  load  is 
distributed  unevenly  along  the  beams  and  the  plate  will  remain  in 
contact  with  them  only  along  a  middle  segment  in  each  one  extend- 
ing from  mid  span  each  way  to  some  points  PP  on  each  beam  where 
the  distributed  vertical  pressure  will  have  zero  intensity.  Starting 
from  any  one  of  the  points  P  the  intensity  of  the  load  applied  to 
the  beam  will  therefore  increase  from  zero  at  P  to  a  maximum  be- 
tween P  and  mid  span.  There  will  be  eight  of  these  points  P,  two 
on  each  side  beam,  and  radial  sections  drawn  from  the  center  0  to 
each  of  them  will  be  sections  of  zero  vertical  shear,  in  the  panel. 
Any  other  vertical  sections  whatever  thru  0  will  also  be  sections  of 
zero  vertical  shear. 

But  the  area  between  any  such  line  OP  and  the  nearest  median 
line  XX  or  YY,  is  one  in  which  the  total  vertical  shear  on  any  sec- 
tion perpendicular  to  that  median  line  amounts  to  W/S  on  that  part 
of  the  section  between  OP  and  the  median  line.  The  mean  intensity 
of  this  vertical  shear  decreases  proportionately  to  its  distance  from 
0,  because  the  constant  total  amount  of  the  shear  on  each  vertical 


Disfribufion  of  load 


h'afribuiion  of  load ^ 


^^mf/.B 


p 


"^3 


y         p 


■X      X- 


7ZZZZZZZZZZZZZ 


:zzzzzzzz2^ 


^szzSl 
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Fig.  98 
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Fig.  99 
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within  the  triangle  POP  amounting  to  \W  is  ^read  over  a 
of  section  which  increases  unifonnly  with  its  distance  from  0. 
It  thus  appears  that  the  upward  leaction  that  the  segment  PP  of 
the  beam  ad  exerts  upon  the  plate  is  \W.  Its  moment  about  YY 
amounting  to  WL/S  is  a  lx;nding  moment.  This  moment  com- 
prises only  one  half  of  \WL,  the  moment  about  YY  due  to  the  re- 
actions at  a  and  d,  and  is  resisteci  by  bending  resistance  in  the  plate 
itself. 

It  appears  therefore  that  while  }TI'  is  transmitted  to  a  and  (f 
together,  and  J  IF  by  way  of  the  beam  ad,  W/S  is  transmitted  to  a 
by  way  of  the  beam  ab,  and  W/S  to  d  Ijy  way  of  cd.  Consequently 
the  load  W/S  which  is  carried  by  vertical  shears  on  sections  parallel 
to  ab  and  applied  to  the  beam  ab  along  the  segment  PY  of  it  l>etween 
a  and  >'  has  a  center  of  application  lx?tween  P  and  mid  span,  so  that 
the  moment  applied  to  bend  the  beam  is  less  than  WL/16  by  reason 
of  the  fact  that  its  arm  is  less  than  §L.  The  amount  by  which  the 
moment  resisted  by  the  beam  is  less  than  WL/lQ  is  that  of  the  twist- 
ing moment  in  the  slab  alx)Ut  Y'Y  calle<l  into  play  by  applying  the 
load  W/S  which  originates  at  O  to  the  beam  a6  at  a  distance  from  a 
less  than  L/2.  This  twisting  moment  and  the  bending  moment  in 
the  beam  ab  together  amount  to  VFL/16. 

The  importance  that  attaches  to  the  present  discussion  of  the 
action  of  a  concent rate<l  load  on  a  square  plate  arises  from  the  fact 
that  it  is  here  shown  how  the  load  is  distributed  and  applied  to  the 
side  beams  by  means  of  l)en(liii  '  wjsting  momeiU&in  the  plate, 
and  that  the  distribution  of  ti:  tlong  the  supporting  beams  is 

due  solely  to  the  twisting  moments,  which  as  will  be  seen  later,  are 
abo  principally  ri'spfmsible  for  the  warping  of  the  plate.  It  Is  further 
shown  tliat  whatever  may  Ik*  the  magnitude  of  the  twisting  moments 
they  reduce  by  just  so  much  the  total  amount  of  the  applied  bending 
moment  U'low  the  statical  moment  of  the  appUi^l  forces  due  to  the 
loads.  Henc(>  it  is  evident  tlmt  if  twisting  moments  are  called  into 
play  in  distributing  a  single  concentrated  load  upon  the  supports, 
they  are  also  neoessarily  called  into  play  by  any  distribution  of  loads, 
uniform  or  otherwise*  since  these  may  be  regarded  as  made  up  of  a 
combination  of  concentrated  loads  placed  more  .or  less  closely  to 
gether. 

The  twisting  mmnent  in  that  part  of  a  section  parallel  to  ab  which 
is  on*<nie  side  of  KV  is  resisted  and  held  in  equilibrium  by  an  (*qual 
and  opposite  twisting  moment  on  that  part  of  the  secticm  on  the  other 
side  of  >' }'  thru  horizontal  shearing  resistances  of  opposite  signs  above 
and  below  the  neutral  Qurfaoe.    These  horiaontal  sbeara  are  lero  and 
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change  sign  at  77  and  increase  in  intensity  to  OP  where  they  are 
greatest.  They  are  also  resisted  by  those  portions  of  the  same  sec- 
tipns  between  OP  and  the  outside  edges  of  the  plate.  It  is  the  de- 
formation produced  in  these  last  mentioned  portions  by  the  hori- 
zontal shears  that  is  the  primary  cause  of  the  curling  up  of  the  plate 
near  the  comers. 

The  magnitude  of  the  twist  about  an  axis  lying  in  an  initially  fiat 
plate  is  measured  by  the  difference  of  slope  produced  between  the 
tangents  to  two  normal  sections  of  the  neutral  surface,  which  are 
made  by  planes  perpendicular  to  the  given  axis  drawn  at  a  distance 
of  one  unit  apart  along  the  axis. 

Now  the  distribution  of  the  load  ^W  which  is  carried  to  ab  and 
applied  along  PP  by  the  vertical  shears  on  sections  parallel  to  PP 
may  be  represented  by  drawing  a  series  of  radial  sections  of  zero 
shear  between  OY  and  OP  such  that  they  cut  ofif  distances  along  PY 
to  which  equal  shears  are  applied.  The  segments  are  shortest  where 
the  intensity  of  the  beam  load  is  greatest  and  the  segments  become 
longer  the  nearer  they  are  to  P.  The  twisting  moment  about  OY 
is  formed  by  elements  due  to  vertical  shears  which  are  shifted  parallel 
to  ab  in  transmitting  an  element  of  the  load  toward  ab.  For  example 
the  element  of  vertical  shear  acting  on  ef  is  equal  and  opposite  to 
that  on  gh.  The  product  of  that  element  of  shear  by  the  perpendicu- 
lar distance  between  ef  and  gh  is  an  element  of  bending  moment 
about  XX,  but  the  product  of  it  by  the  distance  it  is  shifted  parallel 
to  XX  is  an  element  of  twisting  moment  about  YY.  It  is  evident 
that  the  twisting  moment  vanishes  at  77  on  sections  perpendicular 
to  YY,  and  reaches  a  maximum  of  intensity  at  PO  in  such  sections. 

The  'twisting  moment  applied  to  the  faces  ef  and  gh  tends  to  pro- 
duce right  hand  distortion  or  angular  motion  along  07  from  0  toward 
ab  with  horizontal  shears  of  the  same  signs  in  prolongations  of  ef 
and  gh  toward  ad.  Such  a  distortion  makes  the  prolongation  of  gh 
toward  OY  slope  downward  and  makes  the  prolongation  toward  ab 
slope  upward  so  as  to  raise  the  plate  off  from  the  beams  near  a. 
The  slopes  produced  in  sections  near  to  ad  and  parallel  to  it  also 
cooperate  to  the  same  effect. 

The  contour  lines  in  this  plate  are  shown  in  Fig.  98,  where  they 
differ  from  those  of  a  circular  plate  carrying  a  concentrated  load  at 
its  center  and  supported  around  its  circumference  in  that  the  contour 
lines  near  the  sides  are  flattened  out  so  those  that  are  nearest  become 
almost  parallel  to  the  sides  near  mid  span.  Those  further  away  from 
the  sides  are  not  so  much  changed  from  a  circular  form.    The  de- 
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flection  cnrve  for  a  mid  section  is  shown  inunediately  below  the 
plan  view  and  the  side  elevation  after  bending  below  that. 

The  foregoing  analysis  is  applicable  to  plates  having  a  thickneas 
of  the  order  of  l/40th  of  the  span.  For  a  plate  whose  thickness  is 
of  the  order  of  l/400th  of  the  span  length,  this  analysis  would  not 
be  applicable.  The  difference  in  the  mode  of  operation  of  a  very 
thin  plate  of  homogeneous  material  and  a  thicker  plate  under  a 
concentrated  load  at  the  center  brings  out  clearly  the  fundamental 
difference  between  plate  action  and  beam  action. 

Support  a  afceet  of  celluloid  I/I6"  thick,  12"  square,  freely  along 
its  edgds  at  about  i"  in  from  the  edge.  Set  a  block  2"  in  diameter  in 
the  center  of  the  plate  and  apply  a  gradually  increasing  load  on  this 
block.  Under  a  load  of  6  or  8  pounils  it  will  be  found  that  the  comers 
of  the  plate  rise  slightly  from  the  supports  and  the  contours  are 
approximately  those  shown  in  the  preceding  figure  for  T>'pe  III 
floor.  When  this  load  is  gradually  increased  to  16  or  20  pounds,  a 
sudden  change  in  the  phenomena  is  observed  at  some  intermediate 
load,  where  the  plate  no  longer  remains  in  contait  with  the  supports 
at  and  near  the  middle  of  the  sides  but  rises  from  the  supports  at 
these  points  as  much  as  J"  or  |"  as  the  load  is  increased  as  indicated 
in  Fig.  99.  The  contours,  previously  concave  toward  the  center  of 
the  panel,  now  become  convex  towanl  the  center  opposite  the  middle 
of  the  sides,  and  become  star  shapetl  outward  along  the  diagonals. 
When  with  increase  of  load  the  plate  conunences  to  curl  up  along  its 
median  lines  at  the  support  the  deflection  at  the  load  suddenly  in- 
creases, illustrating  the  phenomena  l)efore  explained  that  as  the  con- 
tours change  from  convex  outward  to  a  form  alternately  concave  and 
convex  or  star  shapeil  the  circumfenrntial  reastance  is  then'by  des- 
troyed and  the  mode  of  ojK'ration  changed.  Coaction  of  circular  and 
radial  stn>ss  then  ceftses  and  deflection  increases  suddenly  with  this 
change.  By  curling  up  at  the  middle  of  the  sides  the  radial  resis- 
tance of  the  plate  is  increased  since  the  moment  of  inertia  of  a  cor- 
rugation is  greater  than  that  of  the  plane  plate.  Nevertheless,  by 
the  removal  of  the  cooperation  of  circular  ring  stress  with  the  radia' 
the  deflection  has  incrrased  although  the  corrugations  formed  in  the 
plate  have  inereased  the  radial  resistance  to  bending.  Twisting 
moments  also  have  increased  at  the  same  time,  since  they  throw  the 
load  carried  by  the  side  supports  nearer  to  the  comers  of  the  panel 
and  distribute  it  as  shown  at  the  top  of  Fig.  99.  No  load,  of  course, 
can  be  brought  upon  a  side  support  at  points  at  and  near  the  middle 
of  a  side  where  the  plate  has  risen  from  it,  and  each  half  length  of  a- 
side  beam  has  a  loaded  segment  PQ  at  and  near  each  of  its  quarter 
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points.  The  triangular  area  QOQ  has  zero  vertical  shear  in  all 
sections  parallel  to  QQ.  The  only  vertical  shears  are  in  the  eight 
triangles  QOP. 

*  The  action  of  such  a  plate  shows  the  absurdity  of  attempting  to 
treat  a  flat  plate  supported  on  four  sides  by  beam  strip  theory  with 
strips  parallel  to  the  sides  since  the  load  not  only  does  not  travel  to 
the  supports  in  accordance  with  that  theory  but  is  carried  in  a  large 
measure  towards  the  comers  of  the  plate  by  twisting  moments  in- 
duced in  the  plate  by  double  bending. 

16.    Stress  Analysis:    Square  Plate,  Anticlastic  Bending. 

Let  &:S'  PP'  Fig.  P3  represent  a  square  plate  supported  at  opposite 
corners  S  and  S'  and  loaded  at  the  other  corners  P  and  P'.  Suppose 
the  plate  of  such  thickness  that  the  weight  of  the  plate  is  so  small 
compared  to  the  loads  P,  Pi  that  the  curvature  may  be  treated 
as  that  caused  by  the  load,  i.e.,  affected  by  the  dead  weight  of 
the  plate  itself  to  a  negligible  degree  only. 

After  loading  the  plate  will  be  bent  in  anticlastic  curvature. 
The  principal  curvatures  alo"ng  the  diagonals  will  be  parabolic. 
Along  XX  and  FF  in  the  vertical  plane  the  curvature  will  pass 
thru  zero.  Each  horizontal  plane  section  will  cut  a  hyperbola 
from  the  top  and  bottom  surface  whose  major  and  minor  axes 
lie  in  the  respective  vertical  planes  passing  thru  the  diagonals  of 
the  plate.     The  surface  is  accordingly  a  hyperbolic  paraboloid. 

The  travel  of  the  center  of  gravity  of  the  load  will  be  that 
indicated  in  Fig.  M5.  Thru  equal  divisions  of  its  path  abed  Fig. 
P3,  draw  circular  coordinates  to  the  boundary.  Divide  CO'  and 
CO''  into  four  equal  parts  and  draw  radials  from  S'  which  represent 
equal  increments  of  shift  of  shear  by  torsion.  Divide  the  half 
span  O'S'S'O"  into  four  equal  divisions  and  draw  parallels  to  XX 
and   YY  from  the  boundary  to  the  diagonal. 

Thru  the  intercepts  of  the  radials  and  circular  coordinates 
draw  right  and  left  spirals  and  in  like  manner  thru  the  intercepts 
of  the  radials  arid  parallels  to  XX  and  FF  at  1,-2,-3,  l',-2',-3'. 

The  spirals  will  then  represent  coordinated  curves  of  greatest 
horizontal   shear  in  vertical   planes. 

The  surface  is  a  true  warped  surface  which  may  be  generated 
by  a  line  as  XX  moving  normal  to  YY  and  touching  or  directed 
)3y  aS'  P  and  P'  S  which  are  straight  Unes  of  opposite  inclination  in 
planes  parallel  to   YY. 
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C'oiitoui-  :irroiilingly  interact  the  l>oun<lrv  >'  /"  S'  P',  etc.* 
at  equal  intorvab  luul  acrow  the  rornere  of  the  plate-  their  (iirection 
will  Ik*  determined  by  Hymmetrieal  intersect ion«  of  the  shear 
spiralis. 

^ince  the  principal  curvature  of  the  plate  along  the  diagonal 

i^•  .lie  the  intersection  of  the  contour  curves  with  the  diagonal 

111  .  verified  at  once   by   computation;    thus  coordinating  the 

graphic  meth<Ml  with  that  of  the  mathematical  theory  presented 

in  Natural  Philosophy  by  Thomson  and  Tait.  or  the  work«  of 
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Love  or  Ibbetson,  dealing  with  the  mathematical  theory  of  elas-^ 
ticity. 

The  tension  and  compression  faces  of  the  plate  present  this 
difference  in  appearance  in  that  the  curves  of  greatest  angle  inter- 
sect the  diagonals  on  the  tension  face  at  a  more  acute  length  than 
on  the  compression  face. 

The  directions  of  greatest  and  least  displacement  make  angles 
of  45°  to  XX  and  YY  at  C,  but  differ  more  and  more  from  45° 
as  the  stretch  of  anticlastic  curvature  increases  from  C  to  the 
boundary  along  XX  and  YY. 

17.  Stress  Analysis  of  a  Circular  Plate  Supported  at  Its 
Periphery:  Since  a  90°  sector  only  made  up  of  +45°  and  —45° 
about  Y  can  bend  about  X  the  coordinates  of  the  twisting  shears 
are  fixed  by  dividing  the  radius  and  the  90°  sector  into  the  same 
number  of  equal  parts  and  drawing  the  shear  spirals  as  in  the 
lower  half  of  the  figure  thru  the  intersection  of  construction  circles 
1,  2,  3,  and  radii  2,  a,  h,  c,  d,  e,  etc.  Draw  heavy  circles  through  the 
shear  line  intersections  between  the  equally  spaced  construction 
circles  1,2,  and  3,  and  these  will  be  contours  of  deflection  and  principal 
stress  lines  as  well.  Every  radial  will  be  a  line  of  principal  stress. 
As  the  configuration  of  the  lines  of  greatest  shear  is  fixed  by  sym- 
metry the  curve  of  flexure  will  be  of  the  same*  species  whether 
the  load  be  concentrated  or  uniform,  the  deflection  varying  in 
proportion  to  the  applied  moment. 

The  lower  diagram  of  Fig.  P4  shows  graphically  relative  stress 
intensity  of  the  outer  radial  fibers  which  bj*  (7)  is  the  relative 
curve  of  flexure  as  well. 

Radial  bending  stresses  follow  the  linear  law  of  increase  at  mid 
span  from  zero  at  the  neutral  plane  to  a  maximum  at  the  outer 
fiber.  Now  the  center  of  the  fiber  stress  area  is  .7071  times  a  half 
depth  from  the  center  of  gravity  of  the  section  but  the  center 
of  the  shear  stress  area  constituting  the  reaction  to  the  horizontal 
fiber  stresses  is  the  center  of  a  parabolic  area  approximately  .27  only 
from  the  center  of  gravity  at  the  section.  Consequently,  equili- 
brium requires  that  the  neutral  planet  dip  downward  from  mid 
span  toward  the  support  in  order  that  the  center  of  the  fiber  stress 
area  may  be  brought  into  equilibrium  by  the  center  of  the  shear 
stress  area.  The  curve  of  the  neutral  plane  as  was  shown  more  in 
detail  in  discussing  beams  thus  becomes  a  parabolic  curve  for  con- 
centrated  central  load. 

Since  every  radial  is  an  axis  of  symmetry  the  twist  of  vertical 

•  See  Love's  Mathematical  Theory  of  Elastic  Solids. 
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elements  above  the  neutral  plane  may  be  either  all  clockwise 
or  all  anticlockwise.  The  spirals  of  greatest  displacement  will 
will  have  half  as  great  pitch  as  the  shear  spirals  and  the  spirals 
of  least  displacement  will  have  twice  as  sharp  a  pitch  aa  the  curves 


t  Thin  c '••"• 'irrntly  but  not  really  difTcrs  from  that  of  Thomnon 

and  Tail,  N  hy,  \st\7,  in  that  the  shiftinK  of  the  ncutrni  phme 

towardii  the  '  .         not  uniform  an  mifiht  U*  inferred  from  Art.  033 

of  Nnttiral  Phtiosouby,  quoted  an  follows:  "The  whole  thicknem  of  the  plat« 
remairiM  unchangoa  at  every  |K»int;  but  the  half  thirkneM  on  one  nide  (which 
when  the  rurvature  ia  iivnrla«tir  u  the  eonvcx  aide)  of  the  middle  surface 
beromex  diminished  ancf  the  other  Hide  incroaaed  by  equal  amounta  com* 
parable  with  the  elongationa  and  sbort«iiiiici  of  length  equal  to  the  half 
thirkneMM  meaaured  on  the  two  aide  turfMM  of  the  plate."  The  rurvnture 
dealt  with  in  the  nreeeding  problem  differs  frt»m  npheriral  «jr  nvnelaatic 
rurvature  and  the  nnift  of  the  neutral  plane  in  like  manner  alao  differa  and 
the  apparent  diffcrcooc  in  rtwult  w  merelv  n  clifTc-renre  in  the  rea|M»etive 
problems  und«r  conaideration. 
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of  greatest  shear  when  drawn  by  bisecting  the  angle  between  the 
curves  of  principal  stress  and  greatest  shear. 

In  the  case  of  torsion  of  the  round  shaft  the  circumferential 
tensions  increase  as  the  square  of  the  distance  from  the  center  and 
for  analagous  reasons  the  circumferential  squeeze  of  the  circular 
plate  as  a  whole  in  bending  follows  the  same  law. 

18.  Stress  Analysis  for  a  Square  Plate  Supported  at  Its 
Corners  A,  B,  C,  D:  Central  Load  at  0,  Fig.  P5.  Divide  the  half 
diagonal  of  the  plate  into  four  equal  divisions  at  points  1,  2,  3  and 
draw  normals  to  an  intersection  with  the  median  lines.  From  0 
as  a  center  draw  circular  coordinates  thru  the  same  points.  Now 
the  load  must  travel  to  the  corner  supports  thru  triangular  octants 
such  SiS  0  5  A,  etc.  The  interference  of  moments  causes  a  twist 
shifting  or  distributing  the  load  outward  until  2-5  is  reached 
when  the  reduction  of  section  causes  a  reverse  twist  shifting  the 
shear  backward  toward  the  direct  line  Oa.,  i.e.,  the  vertical  shear 
distributes  itself  thru  the  total  resisting  section  by  the  aid  of 
horizontal  twisting  shears  in  vertical  planes. 

Since  there  is  no  restraint  at  the  boundry  interfering  with 
the  operation  of  these  shears  equal  increments  of  load  would 
be  shifted  or  distributed  thru  equal  angles  about  the  foci  of  rjadial 
coordinates  0  A,  etc.  Hence  the  vertical  shears  along  5-5  would 
have  a  relative  intensity  inversely  proportional  to  the  tangents 
of  the  equal  angles  of  shift  and  the  plate  would  be  bent  downward 
between  points  5-5.  Contours  and  curves  if  displacement  are  con- 
structed as  in  the  previous  example.  The  solution  of  this  problem  tho 
of  value  in  the  clarification  of  theoretical  methods  is  of  little  utility 
in  practical  construction. 

Figure  P5b  analyzes  the  same  plate  for  uniform  load  in  the 
upper  half  and  contrasts  the  coordinates  oft  he  twisting  shears  for 
concentrated  load  at  0  to  the  left  with  those  for  uniform  load  to 
the  right  in  the  lower  half  of  thj  figure. 

For  the  concentrated  load  at  0  since  one  eighth  of  the  load 
must  traverse  the  triangle  05 C  in  reaching  the  support  C,  the 
sign  of  the  increase  in  section  subject  to  v(  rtical  shear  changes  at 
5  and  the  direction  of  the  twisting  shear  changes  with  it. 

For  the  uniform  load,  the  twist  about  the  vertical  element 
does  not  change  sign  because  the  straight  line  travel  of  the  center 
of  gravity  of  the  load  to  the  support  traverses  the  center  of  gravity 
of  the  resisting  material  without  change  in  direction  as  it  cannot 
do  in  the  case  of  the  concentrated  central  load. 
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19.  Stress  Analysis  of  a  Column  Supported  Continuous 
Uniform  Flat  Plate. 

Let  ABCD  be  a  quarter  of  a  square  panel  of  such  a  plate  CD 
being  the  median  line  on  the  axis  YY  and  BC  being  a  median 
line  on  the  axis  XX.  Assume  a  concentrated  load  at  the  diagonal 
center  of  each  panel  covering  an  area  equal  to  the  area  of  the 
column  capitals.  If  the  weight  of  the  plate  be  negligible  with 
respect  to  the  weight  of  the  load,  then  by  symmetry  the  cantilever 
area  will  equal  the  suspended  span  area  and  the  line  BD  is  a  straight 
line  contour,  bisecting  the  anticlastic  area  between  the  convex 
and    concave   dished   areas. 

The  principal  planes  of  the  dished  areas  are  the  diagonals 
of  the  panel,  i.  e.,  ^C  of  the  quarter  panel,  and  of  the  anticlastic 
or  saddle  area  YY  and  AB  at  the  top  of  the  quarter  panel  and 
AB  and  XX  at  the  left. 

sr/?r^s  i///r //A^iys'/<S'  or/j  column  soppo/?t£d 

CE/^TRALLY  La\P€D  ruT  SUB 


Fi^PS 


IMect/o/r    Diapmrn 


I 


ANALYSIS  CX)LUMN  SUPPORTED  PLATE  55 

S3nnmetry  the  curvature  of  the  plate  caused  by  the  con- 
centrated load  along  the  column  lines  and  across  them  on  the 
median  lines  of  the  panel  is  equal  but  of  opposite  sign.  Hence 
DB  at  forty  five  degrees  to  these  lines  is  the  locus  of  the  maximum 
twist  at  which  the  curvature  pmwce  thru  aero,  the  twisting  shears 
change  sign  and  along  which  the  vertical  shear  is  constant. 

To  locate  the  spirals  of  twisting  shear  divide  OA ,  OC,  OD  and  OB 
into  four  equal  divisions,  draw  radials  Al,  X2,  AZ,  CI,  C2,  C3, 
representing  the  trace  in  plan  of  vertical  planes  of  aero  shear. 
Draw  normab  to  the  diagonal  AC  thru  the  points  of  equal  division 
a,  6,  c  -a',  b',  c',  to  6,  e,  f,  and  d\  e',  /',  then  will  ad,  be,  cf,  OD,  OB  in 
plan  represent  the  trace  of  vertical  planes  of  greatest  distributed 
twisting  couple.  About  X  as  a  center  draw  circles  thru  a,  b,  c,  and 
from  C  as  a  center  draw  circles  thru  a\  b\  c'.  These  circles  are 
the  trace  of  planes  of  greatest  vertical  shear.  Construct  the  shear 
spirals  as  in  the  problem  of  the  square  shaft. 

Draw  curves  thru  alternate  intersections  of  the  shear  spirals 
and  these  curves  will  be  contours  of  equal  difference  in  elevation  and 
principal  circumferential  stress  curves  at  the  middle  surface  of 
the  plate.  The  shear  spirals  will  differ  on  the  tension  and  compres- 
sion faces  as  noted  in  the  problem  of  anticlastic  bending  of  the 
square  plate,  but  lines  drawn  thru  the  reverse  spiral  intersections 
will  be  identical  curves,  i.  e.,  the  intersections  of  the  two  different 
series  are  points  on  one  and  the  same  contour. 

The  principal  radial  stress  curves  will  bisect  the  angles  between 
the  curves  of  greatest  twisting  shears  on  the  tension  and  compres- 
sion faces  respectively.  But  these  principal  radial  stresses  in 
plan  will  not  intersect  the  contour  Unes  orthogonally  except  at 
planes  of  principal  curvature  and  pure  shear,  i.  e.,  the  column  lines 
and  diagonals  of  the  panel  and  at  the  straight  line  contours 
OD    and    OB. 

The  orthogonal  curves  of  displacement  and  equipotential 
are  with  this  suggestion  readily  drawn  bisecting  the  angle  between 
the  curves  of  twisting  shear  and  the  principal  stress  lines.  It 
will  be  seen  that  these  curves  form  a  cusp  in  intersecting  OB  and 
OD  at  45**  near  B  and  D.  The  angularity  of  the  curv«i  of  displace- 
ment decreases  towards  0  where  the  circumferential  compression 
passes  thru  a  maximum  value. 

Upon  vertical  planes  of  principal  curvature  strsss  lins  analysis 
may  be  carried  out  as  shown  in  Sec.  II.  for  beams. 

In  considering  the  straight  line  travel  of  the  load  toward  the 
support  in  the  column  supported  plate  of  Fig.  P-d,  it  is  to  be  noted 
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that  the  Une  DB  may  be  regarded  as  the  interior  support  of  the 
suspended  span  portion  of  the  plate  and  that  the  load  by  virtue  of 
the  twisting  shears  travels  toward  it  in  straight  lines  and  is  distri- 
buted uniformly  along  it.  While  in  the  cantilever  portion  the 
reversed  twisting  shears  which  change  sign  at  DB  cause  the  load 
to  turn  a  corner  and  then  travel  in  straight  lines  toward  the  column 
capitol  which  is  the  exterior  support  for  the  cantilever  portion 
and  of  the  plate  as-  a  whole. 

Uniform  Loading  modifies  the  stress  line  map  just  derived  for 
concentrated  central  load  in  that  the  shear  increases  from  mid 
span  toward  the  column  and  this  increasing  shear  causes  relatively 
sharper  bending  of  the  cantilever  portion  of  the  plate,  accompanied 
by  a  movement  of  the  point  of  inflection  0  toward  the  column  A . 
The  traces  of  the  vertical  planes  of  pure  shear  OD  and  OB  remain 
straight  lines  but  OD  and  OB  make  an  angle  with  each  other  at  0; 
cf,  be',  ad',  are  parallel  to  OB  and  similarly  c'f,  -  h'e,  -  a'd  are  parallel 
to  OD.  With  this  modification  the  construction  of  the  stress 
line  map  for  uniform  load  is  identically  the  same  as  that  for  the 
concentrated  central  load. 

Relative  Deflections:  The  relative  deflections  along  median 
line  XX  and  the  diagonal  CD  are  plotted  in  the  deflection  diagram 
in  the  lower  part  of  Fig.  P-6.  Taking  the  lowest  point  in  the 
plate  at  C  the  •  elevation  of  points  on  the  plate  from  this  datum 
elevation  equal  distances  from  c  along  diagonal  and  median  line 
XX  may  be  readily  checked  analytically  by  the  equations  of 
Art.  639,  Natural  Philosophy,  by  Thomson  and  Tait,  edition  of  1867. 

20.  The  Cusp  or  Abrupt  Change  in  the  Direction  of 
Curves  of  Greatest  Displacement  and  Equi-Potential  or 
Least  Displacement  on  the  surface  of  an  elastically  bent  plate 
are  the  resultant  effect  of  a  change  in  sign  of  the  twisting  shears. 
Since  these  shears  change  sign  at  all  principal  planes  and  also 
where  the  curvature  passes  thru  zero,  these  loci  in  Fig.  P-6  are 
to  be  found  along  the  diagonals,  the  median  and  column  lines  of 
the  panel  and  along  BD  as  well. 

21.  Analysis  of  Square  Plates:  The  stress  line  map  of  the 
square  plate  supported  on  four  sides  under  uniform  load  will  be 
substantially  similar  to  that  of  the  inscribed  square  of  the  contin- 
uous plate  on  columns  with  the  load  at  the  diagonal  center  of  the 
panel  of  which  DBC  of  Fig.  6  is  an  octant.  The  uniform  load 
furnishes  nearly  but  not  quite  completely  the  restraint  of  the 
saddle  back  area  at  the  corners.     Under  concentrated  load  the 
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radial  coordinates  CI,  C2  and  CZ  tend  to  assume  equal  angles 
under  the  twisting  shears  since  there  is  no  restraint  at  the  boundary 
which  would  cause  the  angularity  of  these  radials  to  intersect  on 
the  half  side  at  equal  distances.  In  drawing  this  diagram  for 
concentrated  load  it  will  appear  at  once  that  the  twisting  shears 
do  not  distribute  the  load  out  to  the  extreme  corner  of  the  plate 
which  for  this  reason  tends  to  bend  upward  a  fixed  distance  from 
the  comer  which  may  be  determined  in  a  manner  in  accord  with 
experiment  from  the  shear  curve  intersections. 

22.  Poisson  Effect:  As  an  elastic  prism  is  stretched  it  con- 
tracts laterally  or  if  it  be  compressed  it  expands  laterally  in  a 
direction  normal  to  the  applied  force.  The  unit  change  in  di- 
mension laterally  divided  by  the  unit  elongation  is  a  coefficient  K 
called  Poisson's  ratio.  If,  however,  forces  are  applied  lengthwise 
and  crosswise  to  a  plate  the  elongation  is  less  than  that  which 
would  occur  were  but  one  of  these  forces  acting  by  the  product 
of  that  elongation  times  (1-/C)'  as  discussed  at  length  in  Section 
I. 

Writers  on  the  theory  of  flexure  of  plates  for  the  past  century 
have  erroneously  attempted  to  apply  this  relation  to  the  uniform 
plate  bent  in  either  dish  shaped  or  anticlastic  curvature.  Since  the 
lateral  contraction  which  determines  Poisson's  ratio  is  determined 
by  curves  of  greatest  shear  at  45**  to  the  line  of  applied  forces 
or  major  principal  stress  in  the  experimental  examples  of  pure 
•traoB  from  which  the  coefficient  K  has  been  determined,  it  is 
obvious  from  the  spiral  nature  of  the  twisting  shears  and  the  wide 
variation  in  the  angularity  from  45**  to  the  radial  principal  stressee 
in  the  plate  bent  in  double  curvature  that  the  phenomena  partakes 
of  an  entirely  different  nature. 

For  example,  referring  to  Fig.  P-6,  at  C  the  spiral  shears  become 
tangent  to  the  radial  principal  streMes  and  they  diverge  more  and 
more  from  the  radial  stresses  toward  the  outer  portion  of  the 
•uapended  span  part  and  in  like  ninnner  in  the  rnntilover  part 
froiti  A  toward  DB. 

Again,  because  corresponding  twisting  shears  are  of  opp<)Hiu> 
sign  in  the  tension  and  compression  sones  the  effect  of  these  shears 
is  to  cause  circumferential  compression  or  squeese  of  the  plate  as 
a  whole  in  dish  shaped  curvature  or  a  circumferential  stretch  in 
anticlastic  curvature.  Thus  the  plate  in  bending  in  double  curva- 
ture presents  a  phenomena  due  to  lateral  action  entirely  diffen^nt 
from  the  beam  in  which  the  top  or  compression  face  becomes  eoo- 
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vex  and  the  tension  face  concave  due  to  the  lateral  distortion  caused 
by  horizontal  shears  in  vertical  planes. 

It  follows  that  the  formula  for  reduction  of  the  stress  by  (l  —  K)^ 
is  inapplicable  to  the  plate  bent  in  double  curvature  unless  the 
coefficient  be  given  a  value  wholly  different  from  and  unrelated 
to  that  found  in  direct  tensile  or  compressive  tests  which  is  a  need- 
less circumlocution. 

23.  Relative  Magnitude  of  Twisting  and  Bending 
Couples:  That  the  amount  of  energy  expended  in  the  circum- 
ferential squeeze  or  stretch  of  the  plate  bending  symmetrically 
under  an  isolated  load  is  one  fourth  of  that  which  would  be  ex- 
pended were  the  twist  and  this  circumferential  squeeze  or  stretch  not 
present  may  be  demonstrated  from  consideration  of  the  distribution 
of  twisting  moments. 

We  have  shown  experimentally  that  the  plate  bending  in 
symmetrical  dish  shaped  curvature  or  in  anticlastic  curvature 
twisting  and  bending  functioned  equally  in  resisting  deflection. 
But  the  twisting  moment  is  divided  between  two  axes  whereas  the 
bending  moment  is  about  a  single  axis  in  either  direction.  In 
other  words  for  an  isolated  load  a  given  amount  of  bending  moment 
Afx  about  Y  (in  case  of  equal  moments  at  right  angles)  there  is  a 
twisting  moment  A^y  about  Y  equal  to  M^/2  but  of  opposite  sign, 
and  in  like  manner  for  a  given  amout  of  bending  moment  My 
about  X  there  is  an  amount  of  twisting  moment — iV^  =  My/2  and 
since  in  torsion  or  twist  the  moment  is  the  same  about  two  axes  at 
right  angles  it  follows  that  the  sum  of  the  twisting  moments  in  a 
horizontal  plane  about  Z  equals  one  fourth  the  total  statical  moment 
which  is  made  up  of  twisting  and  bending. 

Stated  in  another  way,  if  we  compare  the  deflection  of  a  square 
plate  supported  along  two  opposite  sides  under  a  concentrated 
central  load  with  (2)  the  deflection  of  the  same  plate  under  the  same 
load  when  supported  uniformly  along  the  four  sides,  then  will  the 
deflection  of  (1)  be  halved  by  the  twist  of  warping  about  the  hori- 
zontal axes  of  XX  and  YY  and  again  halved  by  the  twist  of  warping 
about  the  ZZ  axis,  i.e.,  the  central  deflection  of  case  (2)  is  but  one 
fourth  as  great  as  in  case  (1),  as  shown  experimentally  in  the  test 
of  the  square  celluloid  plate.  In  the  case  of  the  same  plate, 
UNIFORMLY  LOADED,  because  the  true  bending  moment 
about  the  median  line  axes  of  XX  and  FF  is  one  third  as  great 
when  the  plate  is  supported  as  in  case  (2)  on  four  sides,  as  when 
supported  on  two  opposite  sides  as  in  case  (1)  and  the  efficiency 
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of  this  moment  is  cut  in  two  by  the  twist  about  the  ZZ  axis,  the 
deflection  is  but  one  sixth  as  g;reat  for  case  (2)  as  for  case  (1). 

24.  Strength  of  Plates  in  Double  Cunature:  The  strength 
of  plates  bonding  in  double  curvature  may  be  figured  in  a  manner 
ahnoet  identical  with  that  of  the  ordinary  beam  in  which  the 
extreme  or  maximum  fiber  stress  is  determined  by  the  formula 
/  «■  Mc/I.  The  M  in  this  case  will  be  the  true  bending  moment 
about  the  horizontal  axis  normal  to  the  line  of  supports.  Because 
the  twist  about  the  vertical  or  ZZ  axis  halves  the  efficiency  or 
effectiveness  of  th^  true  bending  moment  about  horizontal  axes  / 
is  to  be  considered  in  this  case  double  the  moment  of  inertia  con- 
sidered in  figuring  the  plate  as  resisting  by  beam  action. 

The  circumfen'ntial  squeeze  and  stretch  of  the  plate  as  a  whole 
reduces  the  maximum  fiber  stress  at  mid  span  as  above  computed 
one  fourth. 

There  is  thus  a  direct  analogy  between  the  resistance  of  the 
plate  and  the  resistance  of  a  shaft  in  bending  and  torsion.  In  the 
torsion  of  a  shaft  a  twisting  moment  is  required  of  twice  the  mag- 
nitude to  produce  a  fiber  stress  of  a  given  intensity  that  is  required 
in  bending  moment  to  produce  an  equal  fiber  stress  in  the  same 
shaft  in  bending.  A  like  difference  is  thus  found  in  plate  action. 
It  requires  twice  as  great  bending  moment  to  pro<luce  the  same 
fiber  stress  where  warping  and  twisting  of  the  plate  occurs  sym- 
metrically about  its  center  as  is  the  case  when  the  plate  bends 
in  cyUndrical  curvature  or  operates  as  a  beam. 

In  comparing  plates  supported  in  different  ways,  because  the 
load  area  which  is  transferred  dirc*ctly  to  the  support  and  l>ounded 
by  symmetrical  planes  of  zero  shear  changes  form  and  its  center  of 
gravity  changes  in  distance  from  the  support,  dependent  on  the 
manner  and  arrangement  of  the  supports,  it  is  neoeasary  to  figure 
the  bending  moment  about  horizontal  axes  which  is  less  than  the 
statical  moment  by  the  amount  of  the  twist  about  the  same  axis. 
Using  this  moment  as  M  and  doubling  the  moment  of  inertia  of  the 
plate  along  the  axis  considered  when  the  plate  is  symmetrical  the 
beam  formula  becomes  applicable  with  and  added  allowance  for 
equeese  and  sketch  of  the  plate  as  a  whole. 

In  the  caie  of  the  rectangular  plate,  berau.H4>  the  lines  of  principal 
streee  become  oval  or  elliptir,  the  greatest  fiber  straM  may  be  beet 
computed  by  considering  an  equivalent  square  panel  mich  that  its 
side  equala  (a*  -f-  6*) /(a  +  h)  in  which  a  and  6  are  respectively 
the  long  and  short  sides  of  the  rectangle. 
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60  SUMMARY 

Where  the  plate  is  continuous,  the  kind  and  character  of  the 
continuity  must  be  taken  into  consideration  in  a  manner  which 
will  be  considered  more  fully  in  the  following  chapter. 

35.  Summary:  In  the  analysis  of  plate  action  presented  in 
the  foregoing  chapter,  the  writer  has  applied  the  principles  taught 
sixty  years  ago  in  Natural  Philosophy  by  Thomson  &  Tait.  The 
method  of  determining  the  true  bending  moment  by  deducting 
the  amount  of  the  twisting  about  horizontal  axes  is  there  correctly 
set  forth  tho  for  some  inexplicable  reason  it  has  been  erroneously 
disregarded  by  the  engineering  profession  and  writers  on  the 
resistance  of  materials.  Separation  and  composition  of  Curvatures 
into  or  from  spherical  and  anticlastic  components  is  here  followed 
and  expanded  to  the  determination  of  the  nature  and  character 
of  the  twisting  shears  and  their  delineation  by  stress  line  maps 
covering  and  explaining  the  stress  distribution  thruout  the  plate, 
the  locus  of  the  curves  of  displacement  and  equi-potential,  and 
the  squeeze  and  stretch  of  such  plates  when  bending  in  dish  shaped 
or  reversed  curvature.  The  determination  of  the  true  position  of 
the  neutral  plane,  and  also  the  stress  distribution  on  vertical  planes 
of  principal  curvature  follows  the  methods  adopted  in  analyzing 
simple  and  continuous  beams  of  Section  II. 

The  relation  of  contours  to  principal  stresses  has  been  here 
determined  for  the  first  time,  i.  e.,  that  the  contour  in  the  stress  line 
map  is  coincident  with  the  direction  of  the  principal  stress  lines 
on  middle  plane  of  the  plate  and  makes  a  slight  angle  in  plan 
with  the  principal  stresses  on  the  surface  of  the  place  which  angu- 
larity is  of  different  sign  in  the  tension  and  compression  zone. 
These  contours  become  tangent  or  coincident  with  the  principal 
stress  on  the  top  and  bottom  surface  as  they  cross  the  principal 
planes  of  the  plate. 

It  is  thought  that  the  graphic  disclosure  of  the  state  of  stress 
at  all  points  of  the  plate  will  enable  the  student  to  acquire  a  clear 
idea  of  the  phenomena  with  which  he  is  dealing  in  the  study  of 
plate  action  and  indicate  also  the  great  economy  that  may  be 
achieved  by  taking  advantage  of  the  principles  which  govern  its 
operation. 


CHAPTER  XV 
ANALYSIS  OF  COMPOSITE  PLATES  AND  THE  THEORY 
OF  CONTINUITY  WITH  VARIABLE 
MOMENT  OF   INERTIA 

1.  Introductory:  While  a  cUTient— theory  of  platff  action 
'a  of  practical  vahu-  m  ihr  scientific  design  of  cyliinlt'i  heads,  crown 
sheets,  plating  for  l>iiis.  imlkheads,  and  the  lik«  of  homogeneous 
material,  its  jnogtjiiiportant  adaptation  lies  in  the  economic  design 
of  fiat  slab  floors  of  reinforced  concrete  in  mill  and  warehouse 
construction  for  fieavy  loads  and  in  reinforced  concrete  dams  and 
bridge  floorings. 

The  flat  underside  simplifies  construction,  reducing  greatly 
the  cost  of  form  work,  and  with  certain  specific  arrangements  of 
reinforcing  elements  economy  of  material  over  Ix  ,im  construction 
for  certain  limits  of  -span  length  results. 

The  early  art  pn-cnts  a  numl)er  of  attemius  to  utili/.f  flat 
slabs  of  concrete  supported  directly  by  columns,  bwt  with  such 
lack  of  economy  that  Captain  John  S.  Sewell,  in  a  paper  read  before 
the  American  Society  of  Civil  Engineers  in  February,  1906,  as- 
serted that, 

"No  extensive  system  of  reinforced  concrete  floors  can  be 
economically  designe<i  without  rolled  steel  l>eam8  or  concrete  ribs 
forming  together  with  a  |)ortion  of  the  floor  slab,  in  earh  rase 
what  is  practically  a  T  l)eam." 

Among  twenty  prominent  engineers  taking  part  in  the  discu.ssion 
le  author  alone  took  exception  to  this  statement  outlining  a  new 
ngement  of  metal  by  which  flat  plate  floors  mijiht  In-  designed 
more  economically  than  by  u.se  of  structural  or  concrotc  ribs. 

The  theory  of  the  T  Ix'ani  is  that  in  the  resisting  couple  the  steel 
furnishes  the  tensile  element  and  the  concni.  ilu  compressive 
resistance.  With  such  a  mode  of  resistancr.  Captain  Sewell 
reasoned  correctly  that  any  feasible  depth  of  the  flat  slab  would 
be  insufficient  to  p<«rmit  the  slab  to  compete  economically  with  the 
beam. 

Obviously  some  f|iprerencc  in  distribution  of  metal  in  the  slab 
accounts  for  later  day  success  in  contrast  to  the  prior  art  failure. 

2.  Localizatbn  of  Reinforcement  Changes  the  Manner  of  the 
Storage  of  Internal  N\'ork.  When*  the  n'inforcement  is  KhmiUzchI  in 
strips  of  n«lalively  gn-at  ridigity.  tlie  contours  of  the  surface  which 
were  circular  in  the  evenly  reinforced  slab.  Fig,  95,  are  bent  in- 
wardly making  them  convex  toward  the  center  across  the  strip  in- 
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stead  of  concave,  as  shown  in  Fig.  94.  This  produces  the  change 
from  the  characteristic  contours  of  the  circular  plate  with  uniform 
reinforcement  to  that  just  described  and  causes  an  increase  in 
the  actual  deflection  of  the  plate  as  a  whole  because  the  storage  of 
internal  work  is  no  longer  divided  between  elastic  resistance  to  radial 
and  circular  stresses. 
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Under  load  scallop  shaped  curvature  occurs  across  the  strips 
'heavily  reinforced  as  in  Fig.  93.  A  state  of  synclastic  stress  such 
as  is  found  in  a  uniformly  reinforced  slab  with  contours  as  shown  in 
Fig.  95,  is  changed  to  an  anticlastic  state  of  stress  with  contours  as 
shown  in  Fig.  94,  which  are  alternately  concave  and  convex  toward 
the  center  of  the  plate.  Now  plate  action  depends  on  the  storage  of 
energy  circumferentially  by  ring  compressions  on  the  upper  and  ring 
tensions  on  the  lower  surface  of  this  plate,  but  when  the  dish  shaped 
curvature  of  this  plate  is  changed  to  a  scallop  curvature,  tension  and 
compression  alternate  circumferentially  both  above  and  below  as  the 
contoursj  change  from  convex  to  concave  toward  the  center.  At  the 
points  where  this  change  from  tension  to  compression  occurs  there  is 
no  ring  stress  at  all,  consequently  there  can  be  no  storage  of  energy 
in  a  circumferential  direction  to  oppose  deflections.  Accordingly  the 
mode  of  operation  is  reduced  to  that  of  radial  resistance  alone  and  the 
strength  of  the  plate  degenerates  to  that  of  mere  beam  strip  action 
radially  with  correspondingly  increased  deflection  and  decreased 
ultimate  strength. 

Where  the  concentration  of  the  reinforcement  is  less  pronounced 
that  is  where  there  is  but  a  small  difference  between  the  cross  sec- 
tion of  the  metal  in  the  strips  and  that  of  the  average  distribution  be- 
tween them  such  for  instance  as  would  be  produced  by  the  use  of 
\"  rods  in  place  of  |"  in  the  strips  and  7/l6"  rods  distributed 
through  the  slab  instead  of  5/l6",  the  change  in  contours  would  be 
less  marked.    Such  moderate  concentration  would  reduce  the  amoimt 
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of  ring  compression  normal  to  the  strips  of  heavy  reinforcement 
without  developing  the  scallop  shaped  curvature  sufficiently  to  make 
the  circumferential  stress  change  sign.  The  efficiency  of  circum- 
ferential action  although  impaired  would  not  be  entirely  destroyed 
thereby  until  the  sign  of  the  resultant  stress  is  changed. 

3.  Relation  of  Cross  Section  of  Reinforcement  That  Resists 
Bending  in  Dish  Shaped  Cur\-ature  to  the  Form  of  the  Contour. 

W'lien  tlie  fonn  of  the  contours  indicates  the  presence  of  anticlastic 
curvature  in  circumferential  directions  which  destroys  the  coopera- 
tion of  circular  and  radial  stresses  it  is  important  to  determine  the 
relative  cross  sections  of  the  reinforcement  which  produces  such 
anticlastic  curvature. 

If  in  a  circular  section  described  around  the  center  of  dish  shaped 
ciirvature  we  plot  to  an  appropriate  scale  the  relative  cross  sections 
of  the  material  upon  different  radii,  by  laying  these  points  oflf  con- 
secutively in  plan  from  the  circumference  of  the  circle  toward  the 
©enter  and  connect  the  points  by  curve<i  linct*.  n  figure  is  fonned  which 
is  similar  to  the  curve  of  the  contour. 
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Fig.  96  is  a  reostaiiee  diagram  of  the  material  corresponding  to 
non-unif<)rm  dixtribution  of  reinforcement  in  the  circular  plate 
Itupportf^il  at  its  (Higrs  as  shown  in  Fig.  93.  Fig.  97  reprcsenta  the 
resistance  diagram  lengthwise  and  crosswise  of  a  sheet  of  expanded 
metal.  There  is  unifomiity  of  strength  in  the  diagonal  direction  <f  and 
e'f,  but  this  uniformity  in  two  directions  does  not  control  the  re- 
sistance in  all  directions  sinee  any  elongation  along  e  toward  /'  would 
allov  '  '  tion  along  the  axis  ab  substantially  the  same  as  though 
the  :  ••  w('rt>  that  of  beam  aetaoo  only.    Consequently,  a  slab 

reinforced  with  expandeil  metal  in  one  direction  only  cannot  resist 
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bending  both  radially  and  circularly  but  its  operation  is  confined  prac- 
tically to  that  of  beam  resistance. 

From  the  foregoing  it  appears  that  plate  action  depends  for  its 
utility  on  substantial  uniformity  of  resistance  radially  and  circularly. 
We  cannot  reduce  the  resistance  in  one  direction  greatly  below  that 
in  another  without  changing  the  mode  of  operation  in  such  wise  that 
it  degenerates  into  substantially  that  of  mere  beam  resistance. 
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A  stress  line  map  of  a  column  supported  flat  slab  reinforced 
lengthwise,  crosswise  and  diagonally  by  strips  of  heavy  rods  over 
and  under  each  other  and  over  the  tops  of  the  posts  is  illustrated 
in  Fig.  P61. 
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Because  the  bands  of  steel  rods  are  narrow  there  is  a  localiia- 
tion  of  rigidity  such  that  the  deflection  is  less  at  the  band  than  at 
one  side  on  a  section  nonnal  to  its  direction. 

Accordingly  as  compared  to  a  uniform  plate  saddle  shaped 
or  anticlastic  curvature  occurs  along  the  diagonals  in  addition  to 
that  along  column  lines. 

If  the  cross  section  of  bands  are  the  same  then  the  plane  of 
division  of  the  load  between  the  diagonal  and  direct  band  would 
lie  substantially  in  the  position  of  (\  Fq  Cj  for  the  upp^-r  qiiadrant 
of  the  plate  and  in  a  symmetrical  position  for  other  quadrants. 
The  point  of  inflection,  T,  along  Ci  Fq  would  move  toward  Cy  as  the 
relative  rigidity  of  the  plate  decreases  with  respect  to  the  band 
or  toward  F  as  it  increases.  The  coordinates  of  the  twisting  shears 
may  be  drawn  al)out  Fq  as  a  focus  and  the  contours  determined 
as  in  the  analysi.s  of  the  uniform  plate,  Fig.  P5. 

The  scallop  shaped  contours  show  tension  in  the  top  surface 
across  the  diagonals  of  the  panel  where  in  P5  the  stress  was  com- 
pression in  the  central  part  of  the  panel. 

Alternation  of  tension  and  compression  occurs  along  the  contour 
and  therefore  there  can  l)e  no  eflfective  storage  of  energy  by  cir- 
cular resistance.  Again  the  curv«*s  of  twisting  shears  present 
an  entirely  different  configuration  such  that  the  shift  of  shear  is 
along  the  diagonal  toward  the  columns  instead  of  normal  thereto. 

The  resulting  effect  is  a  slight  increase  in  strength  of  ten  or 
fifteen  per  cent  over  lieam  action  contrasted  to  a  five  fold  increase 
brought  alK>ut  by  uniform  distribution  of  the  same  weight  of  metal. 
The  difference  in  stiflfness  is  far  greater  deix'nding  on  the  relative 
thickness  to  span  length,  it  ranges  from  fifteen  to  twenty  fold 
f*vincing  the  most  radical  difference  in  mode  of  operation  imag- 
inable. 

4.  Mechanics  of  Embedment.  The  meduuiios  of  reinforced 
concrete  under  fle,xun>  may  be  suiumariied  as  (ollows: 

The  co-oix?ration  or  combined  action  of  the  two  materials,  con- 
»te  and  n^tnA,  to  resist  lM>nding,  dfflgHfa^  gjgly  opihe  i)ond  l)etween 
ie  two,  which  has  l>een  discussed  briefly  in  a  prece<ling  article. 

In  the  case  of  plain  rods,  this  bond  is  in  n^ality  a  shrinkage  grip 
which  prevents  the  steel  from  sliding  thru  the  haidened  matrix 
in  which  it  is  emlNnldtHl,  and  the  resistance  afforded  by  this  l)ond 
is  subject  to  well  defined  laws  which  may  be  stated  as  follows: 

The  Ixmd  shMr  is  sero  wherever  the  temricm  fai  the  steel  is  con- 
stant.    It  passes  thru  sero  where  the  moment  pases  thru  a  maxl- 
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mum  or  minimum.  It  must  be  depended  upon  whether  the  rein- 
forcement is  in  one  direction  only  as  in  a  beam,  or  in  multiple  direc- 
tions as  in  the  slab. 

Bond  shear  generates  stresses  emanating  from  the  surface  of  the 
bars  which  may  be  treated  as  lines  of  force.  These  lines  of  force 
follow  the  general  laws  of  distribution  of  force  thru  any  medium, 
that  is,  their  intensity  is  inversely  as  the  square  of  the  distance 
from  the  surface  of  the  steel  on  which  they  are  generated. 

These  general  laws  enable  us  to  investigate  or  follow  out  the  part 
played  by  bond  shear  in  the  mechanics  of  a  slab  or  beam.  In  the 
case  of  a  simple  beam  in  accordance  with  the  law  stated,  the  intensity 
of  the  bond  shear  for  uniform  load  is  zero  at  the  center  and  great- 
est toward  the  end  of  the  beam,  and  it  is  to  the  bond  shear  or  the 
lines  of  force  generated  thereby  that  we  may  attribute  the  difference 
in  the  failure  of  an  over  and  an  under-reinforced  beam. 

In  the  case  of  the  beam  with  light  reinforcement,  failure  takes 
place  at  the  center  by  the  yielding  of  the  steel.  With  heavier 
reinforcement,  on  the  contrary,  failure  is  more  liable  to  occur  toward 
the  end  by  indirect  tension  induced  by  the  bond  shear  which  1$ 
greatest  toward  the  end  of  the  beam  and  which  may  be  resisted  only 
by  the  direct  tensile  strength  of  the  concrete  itself. 


Fig.  83. 

With  the  slab  reinforced  in  two  directions,  however,  the  phe- 
nomenon differs  from  that  observed  in  the  beam.  Take  for  example 
the  case  of  the  slab  reinforced  in  two  directions,  bent  in  such  a  man- 
ner that  the  rods  in  both  directions  are  brought  into  tension  at  the 
same  time.  The  indirect  stresses  generated  by  the  two  sets  of  rods 
will  under  this  condition  react  upon  each  other.  Since  the  lines 
of  force  diverge  from  each  rod  they  may  meet  and  coact  thru  the 
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a  medium  of  trangmission  of  the  stress,  which  is  not 
possible  in  the  beam  with  one  way  reinforcement,  since  in  the  beam 
these  stresses  cannot  coact  with  each  other  in  like  manner  and  they 
are  of  one  kind  only  and  not  two  kinds  acting  in  (iiffer(>nt  planes  as 
in  slab  action.  This  fundamental  difference  of  the  stress  induced  by 
the  bond  shear  in  a  beam  from  that  induced  in  a  slab  renders  the 
two  t>T)es  of  structure  mechanically  diflferent  and  necessitates  their 
treatment  in  a  manner  which  takes  into  consideration  the  difference 
in  the  operation  of  the  indirect  stresses  referred  to. 

Another  difference  lies  in  the  presence  of  twisting  resistance  in 
conjunction  with  bending  resistance  which  results  in  a  mode  of 
operation  diflferent  from  that  in  beams  in  that  twi.sting  is  resisted 
by  shearing  stresses  in  the  slab  laterally,  while  bending  is  resisted 
by  tensile  and  compressive  stresses  in  the  horizontal  fibers  of  the 
slab  acting  as  a  couple  about  the  neutral  axis  of  the  vertical  sec- 
tion. The  concrete  needs  no  reinforcement  to  resist  twisting  about 
a  horizontal  axis  because  such  twisting  is  the  by-product  of  the 
interfi  rence  of  bending  moments  which  are  of  the  opposite  sign 
and  of  greater  magnitude  than  the  twisting  moment  so  that  the 
twisting  moment  about  a  horizontal  axis  merely  reduces  the  amount 
of  lx>nding  about  that  axis  and  reduces  thereby  the  amount  of 
reinfercera^t  which  would  otherwise  be  needed.  It  is  thus  seen 
that  the  concrete  in  the  slab  performs  a  function  in  doubl  bend- 
ing wholly  diflferent  from  that  in  beam  action. 

5.  Resistance  to  Deformation  Furnished  by  the  Bond  Stresses 
of  Crossed  Rods  in  Slabs.  Where  two  scries  of  unifunnly  s[)aced 
crosseil  rods  are  eml)edd(Hl  in  a  concrete  slab  of  unifonn  thickness 
bent  in  dish  shaped  curvature  so  that  both  series  of  rods  are  under 
nearly  equal  stresses  they  coact  with  each  other  through  the  matrix 
horizontally  in  the  manner  illustrated  in  Fig.  83.  In  such 
lateral  coaction  the  tensions  and  compressions  produced  in  the  con- 
crete by  the  horizontal  shearing  forctw  along  any  rod  art»  divided 
between  those  that  are  heUl  in  (equilibrium  laterally  by  similar  in- 
direct streMes  generated  by  lx>nd  shear  along  horizontal  ro<ls  nonnal 
to  the  rod  under  consideration  and  those  that  are  held  in  tH^uili- 
brium  by  the  horizontal  compressions  in  the  conipression  zone  above 
the  tension  zone  which  the  ro<l  strengthens. 

Thoec  portions  of  the  indirect  streesiw  due  to  ImxuI  shear  which 
%Bt  between  the  nxls  alone  and  are  held  in  equilibrium  laterally  con- 
stitute a  series  of  localized  self-contained  systema.  Linki><l  together 
they  conf«titute  an  essential  (lart  of  the  reststance  to  the  applicHi  cir- 
cumferential stnwi.    Their  action  is  that  oi  connecting  the  rods  in 


68  DISTRIBUTION  OF  BOND  STRESSES 

such  wise  as  to  enable  them  to  do  their  part  in  resisting  circumfer- 
ential tensions,  and  such  circumferential  tensions  in  simple  synclas- 
tic  curvature  operate  in  a  manner  independent  of  the  deflections  and 
hence'are  independent  of  the  propagation  of  radial  stresses  from  the 
center  of  the  panel  outward  in  the  suspended  span  or  toward  the 
central  support  in  the  cantilever  portion  of  the  slab.  Those  portions, 
therefore,  of  the  horizontal  shears  that  coact  with  each  other  laterally 
in  the  tension  zone  are  independent  of  the  compression  zone  radially 
and  consequently  play  no  part  in  propagating  the  tensions  along 
the  length  of  the  bars  radially  in  the  manner  of  beam  action.  The 
separation  of  this  portion  of  the  shear  from  that  which  propagates 
such  tensions  will  now  be  investigated. 

The  intensity  of  force  emanating  from  a  point  in  an  elastic  body 
at  a  given  distance  from  that  point,  varies  inversely*  as  the  square 
of  the  distance  from  the  point  whence  the  force  emanates.  When  the 
force  emanates  from  a  series  of  points  on  a  line  the  intensity  of  the 
resultant  force  upon  a  plane  at  different  perpendicular  distances 
from  the  line  is  inversely  as  the  distance  from  the  line  because  of 
the  crossing  or  superposition  of  the  hues  of  force  emanating  from 
the  several  points  along  the  length  of  the  line. 

A  bar  corresponds  measurably  to  a  line  and  although  it  has  a 
certain  size  diametrally  the  deviation  from  the  law  of  force  emanat- 
ing from  a  line  will  not  be  material  for  the  puipose  of  our  compari- 
son of  the  distribution  of  bond  stress  as  between  that  portion  held 
in  equilibrium  laterally  and  that  portion  which  is  held  in  equilibrium 
by  coaction  with  the  compression  zone. 

Laterally  the  stresses  emanating  from  corresponding  points  in  two 
intersecting  rods  coact  with  each  other  and  meet  on  a  plane  bisect- 
ing the  angle  between  the  rods.  .  Because  the  length  of  the  path  is 
twice  the  distance  to  the  bisecting  plane  the  relative  rigidity  under 
the  action  of  these  stresses  is  directly  as  the  distance  apart  of  the  bars 
so  long  as  E^  remains  constant  and  the  material  is  not  stressed 
beyond  the  limits  of  elasticity. 

The  relative  rigidities  of  the  paths  determines  the  relative  amount 
of  those  stresses  that  coact  between  intersecting  rods,  as  compared 
with  the  amount  that  coacts  with  the  compression  concrete  above. 
The  distribution  of  the  latter  is  shown  in  Fig.  82  in  which  tensions 
and  compressions  act  at  45°  to  the  rod  and  are  of  practically  uni- 
form intensity  for  such  a  short  distance  along  the  bar  as  the  length 

*This  is  also  the  law  of  distribution  of  the  force  of  gravity  and  of  the  in- 
tensity of  light,  etc. 
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a  mci^h.  This  (Usinhuiioii  is  (juito  tiirton'ul  from  the  variable 
distribution  in  a  horizontal  direction  and  the  separation  in  the 
horizontal  direction  of  the  tensions  on  one  side  of  the  intersection 
or  croesiiig  of  the  bare  and  the  compressions  on  the  other. 

The  rigidity  of  the  patii  by  which 
the  indirect  stresses  tra\  tl  in  a  vertical 
direction  mast  be  investigates!  in  oriler 
to  compare  the  relative  rigidity  of  the 
horizontal  and  vertical  paths  of  dis- 
tribution. It  will  be  notcnl  in  Fig.  86 
in  a  beam  in  which  the  depth  of  the 
steel  is  d  l^elow  the  neutral  piano  that 
for  a  given  elongation  f.in  the  steel  the 
horizontal  shearing  deformation  due 
to  the  stretching  of  the  teasion  zone  is 
twice  as  great  per  unit  -of  dpi>th  as 
would  occur  in  a  beam  in  which  the 
distance  from  the  n«  utial  piano  to  the  st«»el  is  2^/,  and  thr  olongation 
of  the  steel  in  tension  is  also  e,.  Therefore,  the  rigidity  of  the  ver- 
tical path  traversed  by  the  indirect  stresses  which  prmluco  these 
shear  <Ieformations  is  inversely  proportional  to  the  distance  from 
the  steel  to  the  neutral  piano  and  under  the  principle  of  rigidities 
the  distribution  of  indirect  stress  horizontally  and  vertically  will  be 
proportional  to  the  relative  rigidities  of  the  respective  horizontal 
and  vertical  paths  of  distribution. 

From  the  fon*going  principles  tho  distribution  of  1)om<I  stress 
vertically  and  laterally  may  bo  apportioned  inversely  as  tho  flis- 
tanc(>  from  tho  st«H'l  to  tin-  ut  utrul  plane  as  companMl  with  half 
the  diagonal  of  tho  rectangular  spacing  of  the  bare.  Tliis  may  l)e 
taken  to  hold  true  in  ciiso  tho  spacing  of  the  Imrs  is  equal  to,  or  gn>ater 
than  1.4  times  the  distance  from  the  steel  to  th«'  neutral  piano. 

We  may  now  estimate  as  nearly  as  we  can  the  relative  distribu- 
tion of  lioncl  stress  laterally  and  vertically  U)X)n  this  basu^  in  the  ease 
of  a  sbb  in  which  the  distanct*  from  the  center  of  the  steel  to  the  top 
of  tho  slab  is  8"  ami  the  bare  are  7/16"  round,  spacetl  7"  at  right 
angles  to  each  other  in  each  direction.     In  such  a  slab  l»y  referring 

the  j  and  A:  cur\'es  of  Sec.  II,  it  will  be  seen  that  tlu'  neutral 
woul<l  Im'  5"  alxive  tho  steel.  The  distance  <liag«»uall\  acrosw 
the  mesh  Ix^tween  the  mid  points  of  adjacent  sides  of  this  7"  mesh 
is  also  practically  h"  so  that  the  i;^giditiee  of  the  vertical  and  hori- 
lontal  paths  may  be  taken  to  l>c  equal.    Therefore,  the  distribution 
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under  this  law  would  be  one  half  in  the  lateral  direction  and  one 
half  in  the  vertical  direction. 

We  will  compare  this  distribution  with  the  result  which  would 
be  brought  about  by  disposing  the  same  weight  of  steel  in  the  form 
of  f "  rods  instead  of  7/l6"  and  spacing  the  rods  twice  as  far  apart. 
The  increase  in  the  diameter  of  the  bars  reduces  the  distance  from 
the  center  of  the  steel  to  the  neutral  plane  to  approximately  4  and 
I  inches  and  since  the  bars  are  twice  as  far  apart  the  ratio  is  nearly 
as  1  to2.  Therefore  2  times  as  great  an  amount  of  bond  stress 
operates  in  the  vertical  direction  as  in  the  lateral  and  the  relative 
stress  per  square  inch  on  the  bars  would  be  as  f  to  |  or  approximately 
1^  times  as  great. 

The  assumption  upon  which  this  relative  stress  is  computed  is 
based  upon  a  radial  section  bisecting  the  angle  between  the  two 
series  of  crossed  rods.  At  other  points  around  the  circum- 
ference dependent  on  the  angular  direction  of  the  crossed  rods 
relative  to  the  supports  the  distribution  of  bond  stress  in  a  vertical 
direction  will  be  greater  and  that  in  the  lateral  direction  less  and 
vice  versa  with  further  angular  change  making  an  average  approxi- 
mately that  which  we  have  computed  above.  Thus  the  mat  of 
crossed  rods  wherein  the  rods  are  normal  to  the  sides  of  the  panel 
are  equivalent  in  their  resistance  to  radial  and  circumferential  stresses 
to  that  of  a  mat  in  which  the  directions  of  the  crossed  rods  are  parallel 
to  the  diagonals  of  the  panels. 

It  may  be  observed  that  bond  stresses  in  a  mesh  length  are  dis- 
tributed with  approximate  uniformity  along  the  length  of  the  bar 
in  their  coaction  with  the  compressions  above  the  neutral  plane 
vertically  with  lines  of  indirect  compression  and  tension  crossing 
each  other  at  45  degrees  in  that  region,  whereas,  in  a  horizontal 
direction  indirect  tensions  and  compressions  are  separated  from  each 
other,  operating  on  opposite  sides  of  the  bar  in  such  wise  that  as  the 
compressions  decrease  on  one  side  of  the  bar,  the  indirect  tensions 
increase  on  the  other  side,  so  that  the  resultant  effect  is  a  relative 
uniformity  of  distribution  of  all  the  bond  stresses  coacting  laterally 
in  a  mesh  length  very  like  that  found  in  the  vertical  direction. 

It  might  be  thought  because  of  the  increase  in  the  intensity  of 
the  tensions  toward  the  apex  of  the  mesh  in  one  direction  on  one 
side  of  the  bar  and  of  the  compressions  in  the  other  direction  on  the 
other  side  of  the  bar  that  the  elasticity  of  the  concrete  might  be 
exceeded  at  and  near  the  apex  o^  points  of  contact  of  the  bars.  At 
this  point,  however,  the  bars  are  not  opposite  each  other  but  are 
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vertically  one  above  the  other.  Consequently,  the  bond 
stresses  at  and  in  Uie  immediate  vicinity  of  a  point  of  contact, 
act  preiiominantly  in  a  vertical  rather  than  in  a  lateral  direetion, 
so  that  their  lateral  intensity  is  limited  to  an  amount  within  the 
elasticity  of  the  concrete  when  subjected  to  reasonable  test  loads. 
We  will  now  compare  the  case  of  the  lateral  and  vrrtifal  coaction 
of  the  rods  where  the  spacing  is  decreased  from  7"  to  half  that 
amount,  or  to  3i"  center  to  center  in  each  direction,  the  rods  still 
remaining  of  the  same  total  cross  sectional  area.      With  this  spac- 
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ing  the  vertical  distance*  fnmi  the  steel  to  the  neutral  plane  would 
remain  alx)ut  as  l>efor<',  .">",  while  from  ro<l  to  ro<l  the  total  liiugonal 
of  the  mesh  would  be  nearly  5''.  Or  the  half  diagonal  is  half  as 
great  as  the  vertical  distance  from  the  steel  to  the  neutral  plane,  as 
shown  m  Fig.  87.  Because  of  this  close  spacing  of  the  nxlx  there  is 
the  super-position  of  indirect  stresses  vertically  shown  in  Fig.  87 
while  no  such  super-position  can  occur  laterally.  Therefon>,  when 
the  spacing  is  made  half  as  great  there  would  lie  a  super-{H)sition  of 
the  bond  stresses  vertically  upon  the  neutral  plane  and  this  {mth 
would  then  have  l)oconie  twice  as  efficient.  Hence*  in  light  woiic, 
then^  is  little  to  Ix*  gutnetl  by  spacing  the  reinforcing  elements  ck)8er 
than  the  distance  from  the  neutral  plane  to  the  st<»el.  Where,  how- 
ov(>r,  the  slab  is  heavy,  it  is  better  not  to  exceed  six  or  eight  inch 
iqiaciiig  sinoe  in  tlie  heavy  slab  larger  rods  are  required  and  greater 
intrn.><ity  of  bond  stress  is  developed  and  good  design  requires  that 
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the  intensity  of  the  bond  stresses  be  kept  to  a  minimum  by  more 
uniform  distribution  thereof. 

6.  Analytical  Investigation  of  Bending  Moments  in  a  Square 
Panel.  Let  OADB  in  Fig.  121  represent  one  quarter  of  a  square 
panel  of  a  continuous  flat  plate  or  slab  carrying  a  uniform  load  of  w 
pounds  per  square  unit  of  area,  in  which  0  is  at  the  middle  of  the 
panel,  D  is  at  the  center  of  one  of  the  corner  supports,  and  L  is  the 
distance  between  column  centers.  Let  W  =  wL^  be  the  total  panel 
load.  Then  taking  the  origin  of  coordinates  at  D  let  x  =  DF  and 
y  =  DE  be  the  coordinates  of  any  point  P  on  the  diagonal  DO.  By 
reason  of  symmetry  the  vertical  shear  is  zero  at  every  point  of  the 
diagonal  DO  and  at  every  point  of  the  four  sides  of  the  quarter 
panel  OADB.     Also  OA  =  OB  =  \L. 

Disregarding  the  small  part  of  the  load  that  rests  directly  upon 
the  column  cap,  a  total  vertical  shear  =  jTF  acts  in  that  quarter 
part  of  the  perimeter  of  the  column  cap  which  lies  inside  the  quarter 

panel.  But  in  any  case  the  total  vertical 
y,  shear  acting  at  the  sides  PE  and  PF  of  the 
square  area  PEDF  is  the  difference  between 
the  vertical  reaction  jTF  at  the  support  D 
and  the  load  wx^  on  the  area  PEDF  =  x^; 
hence  the  expression  for  the  total  vertical 
shear  at  the  two  edges  PF  and  PE  of  any 
area  PEDF  is 
X        iW-wx^  =  S^-\-Sy (1) 

Fig.  121  in  case  S^  and  Sy  represent  components  of 

the  total  vertical  force  perpendicular  to  x 
and  y  respectively  which  are  transferred  by  shearing  stresses  across 
the  perimeter  of  the  area  PEDF  within  a  quarter  panel  area. 

This  equation  (1)  is  a  particular  case  of  the  general  condition  of 
equilibrium  for  the  vertical  forces  acting  iipon  any  given  piece  of 
t»ie  plate,  since  it  requires  that  the  algebraic  sum  of  all  the  applied 
vertical  forces,  such  as  reactions  of  supports  and  loads  which  are 
applied  to  it  inside  of  its  perimeter,  shall  be  equal  and  opposite  to 
the  sum  of  all  the  separate  components  of  the  vertical  shears  apphed 
at  the  entire  perimeter  of  the  piece.  Now,  whatever  size  the  cap 
may  have,  IW,  and  wx^  are  the  only  vertical  forces  applied  inside 
the  permieter  of  PEDF  while  Sj,  and  Sy  are  the  only  separate  com- 
ponents of  the  vertical  shears  at  the  perimeter.     Since  as  already 
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stated  DO,  DA  and  DB  are  sections  of  sero  shears,  S,  and  S,  are 
shears  on  PF  and  PE  respectively.    We  have  thus  by  8>'mmctr>' 

5.-S,-iaH'-ti^)-  lair-iry^  .(2) 

Again,  let  )3/,  and  \.\fy  \x;  the  x  and  y  components  distributed 
across  the  width  (9f  one  ciuarter  of  the  panel  of  the  bending  moments 
due  respectively  to  .S,  and  Ny.  Since  5,  and  Sy  act  separately  upon 
sections  taken  peri>endicular  to  each  other  they  each  generate  bend- 
ing moments  separately.     H«micc 

id.V.  =  S^,  and  ^/.Uj.  =  S/y.„ (3 

in  which  A/,  and  My  refer  to  moments  across  the  entire  panel  width. 

The  fundamental  equations  (3),  since  they  refer  to  applied  mo- 
ments as  well  as  shears  at  right  angles  to  each  other  treat  of  shears 
as  well  as  bemling  moments  that  act  wholly  independently  of  each 
other  on  OADB,  one  along  x  and  the  other  along  y,  just  as  truly  as 
if  they  acted  on  two  separate  plates. 

By  sjTnmet r>'    3/j  =  My 

By  (2)  and  (3),  we  have 

IdM^"  l{W-4vx\Hlx  (4) 

or  i.V/,-|(H'x-4irxV3) 

when  taken  between  suitable  limits. 

Integrating  (4)  between  x«=0  (for  a  mere  point  of  support)  and 
x  —  JL  at  mid  span,  we  liave  for  the  ruiartor  panel 

|A/,«    L(|r/         /,  ,-  LwL (5) 

16  24 

Hence,  the  total  increase  of  the  l>ending  moment  between  a  median 
line  of  a  panel  and  a  parallel  tnlge  for  the  entire  panel  width  is 

A/.-  ?-H'L.„.._ (6) 

12 

It  can  be  shown  in  like  manner  that  in  case  the  ]muo\  is  not 
square,  but  has  a  length  L.  and  a  width  L,  between  coiuiun  centen, 
that  the  total  bending  moments  produced  between  the  median  lines 
and  the  edges  are  respectively 

H7.^/ 12,  and  II  /.,    12 

The  total  bending  monu>ntt<  urc  riHiuced  below  this  in  case  of 
larger  caps,  by  reason  of  their  sise  and  the  conaequent  reduction 
of  the  effective  span.    For  example,  if  we  Mnime  a  cap  having  an 
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effective  length  of  edge  of  C  =  ^L,  which  is  as  small  as  is  ordinarily 
allowable,  (4)  must  be  integrated  between  the  limits  x  =  L/lO  and 
X  =  L/2  and  we  find 

M^  =  WL/l7-\- (7) 

so  that  the  total  bending  moment  in  the  practical  case  is  less  than 

M^  =  WL/m 

For  a  cap  of  still  larger  size  the  moment  will  be  smaller,  and  in 
case  of  an  edge  of  effective  length  C  =  0.225L,  such  as  is  frequently 
employed,  we  find  the  bending  moment 

M^  =  WL/1S  + 

It  is  to  be  particularly  noted  with  respect  to  the  foregoing  demon- 
stration that  it  is  wholly  independent  of  any  consideration  whatever 
of  the  shape  or  position  of  lines  of  zero  shear,  and  is  also  wholly  in- 
dependent of  any  question  of  twisting  moments.  It  rests  solely  upon 
the  fundamental  equations  (3)  of  the  necessary  relations  defined  by 
all  writers  to  exist  between  bending  moment  and  shear,  viz.  that  the 
increment  dM^  of  the  bending  moment  between  two  right  sections 
at  a  distance  dx  apart  is  the  elementary  couple  that  is  the  product 
of  dl  *Sx  the  shear  on  those  sections  multiplied  by  their  arm  dx. 

That  this  is  the  correct  meaning  of  Eqs  (3)  has  been  called  in 
question  by  those  who  have  not  recognized  the  fact  that  one  part  of 
the  statical  moment  of  the  load  consists  of  twisting  moments;  but  a 
reference  to  Church's  Mechanics,  Art.  240,  Merriman's  Applied 
Mechanics,  Art.  48,  Morley's  Strength  of  Materials  Art.  59,  will 
show  that  the  definition  given  above,  is  in  strict  accordance  with 
accepted  principles,  so  that  bending  moment  and  statical  moment 
are  not  necessarily  the  same.  In  fact,  it  has  been  previously  shown 
that  they  differ  from  each  other  wherever  twisting  or  warping  occurs. 
It  is  to  be  further  noted  that  the  bending  moment  here  found  is  the 
same  as  that  already  obtained  in  Chapter  III  and  confirms  its  cor- 
rectness. It  was  there  shown  that  the  sum  of  the  bending  and 
twisting  moments  which  are  called  into  play  in  transmitting  the 
load  upon  the  panel  to  the  supports  is  equal  to  the  total  statical 
moment  of  the  load  about  the  supports. 

The  numerical  coefficient  of  WL,  or  the  so  called  moment  co- 
efficient for  caps  of  different  sizes  relative  to  the  span  is  tabulated 
in  the  accompanying  diagram,  in  which  ordinates  represent  C/L 
the  relative  size  of  the  cap,  and  abscissas  express  calculated  values  of 
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the  moment  oociiicieiu  >vmch  Uiminish  with  the  decrease  of  the  clear 
0|Mii  be(;ween  c&pB. 
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Coe4Bet«nt  in  DediaaJa 

Cunre  Sbovini  ToUl  Bmidia*  Monrat  OMOciMit  for  Fkt  Sfatba  m  Dfaaiiiiabcd 

by  tb«  Sim  of  the  Ckp. 

N.  B.  Tb«  affective  dimeter  of  the  c»p  ia  from  4  to  0  ine.  Um  thAB  the  kctiuJ. 

These  coeflBcients  apply  only  where  there  is  such  uniformity  of 
distribution  of  metal  radially  and  circularly,  about  the  diagonal 
center  of  the  panel  and  al)Out  the  column  centers  respectively,  as  is 
necessar>'  to  make  the  slab  imitate  the  action  of  a  homogeneous 
plate.    This  unifonnity  is  not  d<  rom  by  providing  a  greater 

moment  of  inertia  in  the  cantilevt  •  .»!,«  < orresponding  to  the  greater 
moment  there  found  than  in  the  suspended  span  area,  but  it  is  do> 
parted  from  wherever  the  area  of  the  mat  is  insufficient  to  cover  the 
areas  of  syncla^tic  cun'aturc.  Any  considerable  deviation  from  this 
relation  so  imi)air8  the  operation  of  the  reinforcement  that  imitation 
of  pUte  action  It  impossible,  and  the  moment  coefficients  do  not 
apply  because  of  the  different  values  of  the  twisting  moments  pro- 
duced by  the  modification  in  the  uniformity  of  the  di.'^tribution  of 
the  metal. 

Under  th<-  ])rin(ii>i(>  ot  rigiaitiee,  chang«'  in  the  resisting  moment 
of  inertia  of  the  plate  changes  the  distribution  of  moments  of  re- 
sistance. Hut  where  Uie  same  thickness  of  concrete  is  used  through- 
out the  slab  and  the  flare  of  the  capitals  is  depoided  on  to  give  the 
proper  shear  aroas  mider  load,  the  only  chai^p  that  occun  in  the 
moment  of  inertia  is  that  brought  about  by  distribution  of  the  steel. 

This  statoncnt  is  true  only  where  the  reinforcing  \mn  are  of  such 
sise  that  they  can  be  compactly  plaeed  vertieally  in  the  mat  over  the 
column  head.    Thus,  four  layers  of  5/16"  or  8/8"  rounds  in  an  8" 
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slab  over  the  column  cap  would  be  within  the  scope  of  the  rule  laid 
down,  but  four  or  five  layers  of  5/8"  slab  rods  in  a  slab  of  that 
thickness  would  not  come  within  the  rule.  In  the  latter  case  the 
moment  of  inertia  at  the  support  would  be  reduced  by  so  large  a 
percentage  that  the  subdivision  of  resisting  moment  would  differ 
greatly  from  that  in  a  homogeneous  plate. 

The  effect  of  variations  of  the  moments  of  inertia  on  the  distribu- 
tion of  resisting  moments  will  be  considered  later. 

7.  The  Magnitude  of  the  Total  Bending  and  Twisting  Moments 
and  the  Center  Deflection  in  a  Rectangular  Panel  of  a  Uniform 
Continuous  Slab.  In  order  to  find  the  total  bending  moment  be- 
tween a  mid  section  and  a  margin  of  a  panel  arising  from  a  uniformly 
distributed  load,  in  a  continuous  homogeneous  flat  plate  supported 
on  rows  of  columns,  let  0  be  the  panel  center  and  OBDA  be  a  quarter 
panel  of  a  uniform  homogeneous  plate  supporting  a  load  of  w  units 
per  square  unit  of  area  thruout,  by  means  of  the  vertical  shear  across 
HJK  one  fourth  of  the  perimeter  of  the  column  cap.  Assume  that 
in  such  a  plate  the  loading  is  carried  from  every  point  by  vertical 
shear  directly  toward  the  column  center  D  until  it  reaches  the  column 
cap,  since  the  uniform  rigidity  of  the  plate  in  all  directions  apparently 
requires  that  the  shears  be  so  distributed  as  to  make  the  loading 
proceed  to  the  supports  along  straight  lines.  Then  the  magnitude 
of  the  total  vertical  shear  across  any  section  such  as  PQ  in  Fig.  123 
will  be  the  product  of  w  by  the  number  of  square  units  in  the  area 
OPQOi  regardless  of  whether  the  direction  of  the  section  PQ  be 
perpendicular  to  OD  or  not.  The  intensity  of  this  vertical  shear 
will  be  larger  the  shorter  the  section  is,  provided  it  cuts  off  an  equal 
loaded  area.  Hence  a  section  in  some  other  direction  than  PQ  such 
for  instance  as  a  section  perpendicular  to  OD  will  have  a  greater 
intensity  of  vertical  shear  than  PQ  but  that  fact  is  of  no  consequence 
in  the  following  developments. 

Take  the  axes  of  x  and  y  along  the  sides  OA  and  OB  respectively 
and  let  OA  =  a,  and  OB  =  b.  Let 
X  and  y  be  the  coordinates  of  any 
point  P  upon  the  diagonal  OD  and 
X  4-  dx,  and  y-\-dy  the  coordinates 
of  the  consecutive  point  P'. 
Then  the  total  vertical  shear  >Sx 
across  the  section  PF  is  the  total 
loading  on  the  area  OPFB,  hence 
<Si=  w{hx-\xy);  and  similarly  the 
total  vertical  shear  across  PE  is 
(Sy  =  w(ay-^xy) ,  in  which 


Fig.  123 
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a  :x::b:y,  or  y»bx/a 
Hence,        .S,-»5y. 

It  is  evident  from  the  elementar>'  triangles  with  vertices  at  D 
and  bases  each  the  same  fraction  of  the  median  lines  OA  and  OB 
into  which  the  loaded  area  may  Ix*  divided  as  shown  in  the  accom- 
panying Fig.  123  when  the  loa<i  proceeds  in  straight  lines  toward 
D,  that  the  total  vertical  shear  5y  is  uniformly  distributed  along  PE. 

The  center  of  action  of  Sy  is  consequently  at  G  at  mid  point  of 
PE  and  as  P  movec  to  P*  the  point  G  moves  along  the  line  GD  to  G', 

Let  A/,  denote  the  total  difference  of  bending  moment  betweoi 
median  line  and  margin  acting  al)out  the  axis  of  y  and  due  to  25„ 
which  moment  is  tlistributed  across  the  entire  width  of  the  panel, 
i.  e.  lAfx"  total  difference  of  bending  moments  due  to  <S,  between 
OB  and  the  opposite  margin  of  this  area  of  one  quarter  panel. 

Hence  \dM^''Sjdx*wibx-ixy)dx (8) 

For  convenience  of  computation  assume  that  the  length  of  the  edges 
of  the  cap  have  the  same  ratio  to  each  other  as  those  of  the  panel. 
Let  the  siae  of  the  cap  be  such  that  DK^a/o,  then  integrating 
between  x-0  and  X"*4a/5 

Af,-  2ir  {bx~  )  dx'bw(t'~\*''^^ . .(9) 
2a  \        Za/o 

Henceif  a-|Li,  Af,-0.47a'6tr-0.47  ^-0.94— '...(lO) 

8  16 

Were  we  to  take  D/C -•0.225a  the  value  of  Af,  would  be  still  smaller. 

If  the  support  is  a  mere  point  then  DK^O,  and  in  that  case 
Afs-'iTTLi/S.     Similar  values  are  likewise  found  for  A/,. 

Let  iVg  denote  the  total  moment  about  the  axis  of  y  due  to  S, 
tor  the  entire  width  of  the  panel,  t.  e.,  ^A's-the  total  difference  of 
moments  about  y  due  to  Sy  lx*twcen  OA  and  the  opposite  margin  of 
this  quarter  panel,  hence 

\dN,'kSydx~hw{ay^xy)dx   )  .,,^ 

or  dN^''tff{bx-\bt'/a)dx  \ ^*'^ 

Hence        JV,  -  \M^,  and  AT, -  i Af , 

But  the  moment  iV,  is  a  twisting  numient  and  not  a  bending 
moment  at  all,  as  it  heretofore  has  been  often  taettly  aaumed  to  be. 
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From  Fig.  123  it  is  evident  from  consideration  of  the  vertical  shears 
upon  the  faces  PQ  and  P'Q'  of  an  element  that  the  only  moment 
they  have  about  y  is  due  to  displacement  of  the  center  of  applica- 
tion pn  the  face  P'Q'  to  the  right  of  that  on  the  face  PQ,  which  is 
merely  an  element  of  a  twisting  moment  and  not  a  bending  moment, 
which  total  twisting  moment  between  PE  and  P'E'  has  been  calcu- 
lated above  about  y  correctly  by  multiplying  the  shear  Sy  upon  PE 
and  P'E'  by  \dx  the  distance  by  which  the  center  of  action  of  *Sy 
has  been  displaced  from  y  in  passing  from  PE  to  P'E'. 

It  therefore  appears  by  this  analysis  that  the  only  shears  that 
operate  to  increase  ^M^  are  those  designated  above  by  S^',  and  that 
the  shears  *Sy  that  transmit  the  load  resting  upon  the  area  OAHJ  to 
the  column  and  apply  it  as  a  vertical  shear  along  HJ  in  doing  so 
generate  a  total  twisting  moment  |iVx  about  the  axis  of  y  which  is 
one  half  as  large  as  the  total  bending  moment  ^M^  in  a  quarter  panel 
between  median  section  and  margin.  Now  the  resisting  moment 
called  into  play  in  the  slab  to  hold  the  applied  bending  moment  M^ 
in  equilibrium  is  subdivided  into  two  parts,  a  resisting  moment  at 
the  margin  and  one  at  median  line,  the  relative  size  of  these  parts 
being  controlled  as  is  well  known,  by  the  relative  rigidities  of  the 
panel  at  margin  and  mid  span. 

The  twisting  moment  ^N^  about  y  which  is  produced  by  the  re- 
distribution of  Sy,  and  the  similar  moment  ^Ny  about  x  produced 
by  S^  is  not  to  be  confused  in  any  way  with  the  twisting  moment 
independently  produced  by  horizontal  shears  in  vertical  planes  due 
to  the  kind  of  restraint  to  which  the  plate  is  subjected  at  the  edges 
and  to  the  consequent  distribution  of  the  longitudinal  stresses 
arising  from  the  bending  moments.  For  example,  in  a  continuous 
slab  of  many  panels  there  is  compression  at  and  near  the  upper  sur- 
face along  each  panel  edge  at  mid  span  and  tension  across  each  edge 
which  is  replaced  respectively  by  tension  and  compression  at  mid 
span  at  the  lower  surface.  These  states  of  stress  are  equivalent  to 
simple  horizontal  shears  on  vertical  plane  sections  which  cut  these 
edges  obliquely  but  are  of  opposite  signs  above  and  below  the  neutral 
axis.  Such  opposite  horizontal  shears  on  oblique  vertical  planes 
constitute  twisting  moments  about  axes  perpendicular  to  the  oblique 
vertical  planes  mentioned.  But  these  twisting  moments  due  to 
horizontal  shears  are  independent  of  those  arising  from  vertical 
shears,  as  will  be  evident  when  we  compare  the  case  of  a  panel  in  a 
continuous  plate  such  as  has  just  been  considered  with  that  of  a 
single  isolated  panel  with  free  edges  supported  at  the  four  corners 
either  freely  or  built  in.  In  this  case  of  free  edges  there  are  longitudinal 
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and  cmnpressions  along  the  edges  as  in  the  continuous  plate 
but  no  tensions  or  compressions  across  the  edge,  and  there  are  con- 
lently  no  horizontal  shears  in  vertical  planes  that  cut  the  edges 
uely  as  in  the  continuous  slab. 

It  is  evident  therefore  that  there  are  twisting  moments  due  to 
horizontal  ishears  in  vertical  planes  that  originate  in  tlu-  dLstribution 
of  the  ionfj^itudinal  stresses  arising  from  the  distribution  of  A/,  and 
My  which  distribution  is  controlled  by  the  relative  rigidities  of  the 
several  parts  of  the  plate  and  its  supports,  in  their  resistance  to 
bending  moments.  These  are  entirely  independent  of  the  twisting 
moments  ari.sing  from  the  distribution  of  the  vertical  shears  which  is 
controlled  by  the  relative  rigidities  of  the  various  parts  of  the  plate 
in  their  resistance  to  vertical  shears. 

The  radial  lines  of  division  of  the  load  in  this  analysis,  here 
taken  arbitrarily  by  the  author's  co-worker  Dr.  Eddy  may  be 
regarded  as  traces  in  plan  of  vertical  planes  of  zero  intensity'  of 
all  vertical  shears  in  vertical  planes  whose  resultant  effect  is 
the  procluction  of  bending  and  twisting  moment  about  tlu-  horizontal 
axes  of  A' A'  and  YY  and  st  at  it-ally  correct  for  the  purposes  of 
determination  of  the  total  magnitude  of  the  moments  in  question. 

These  lines  of  zero  shear  for  uniform  load  may  be  utilised  in 
the  determination  of  the  contours  of  curvature  in  the  square  panel 
without  continuity  or  restraint  at  its  boundarj*.  But  spntinuit^v 
and  restraint  at  the  boundary  cause  a  different  apportionment 
of  the  same  total  jnoment  and  a  different  position  of  the  lines  of 
zero  shear  since  it  introduces  an  interior  support  dividing  the 
areas  of  convex  and  concave  curvature  as  outlined  in  the  treatment 
of  the  homogeneous  coiifirui<»us  column  supporte<i  plat<?  in  the 
previous  chapter. 

8.  Moments  at  Median  Section  and  Margins  of  Interior 
Panels  in  Lniform  Column  Supported  Flat  Slab  Floors  When 
Uniformly  Loaded.  It  has  Ixrn  shown  that  the  total  statical 
moment  of  the  load  WL,  s,  ai-iing  tn  a  half  panel  InHween  mid  span 
anti  supports  must  be  reduced  by  some  factor  dependent  upon  the 
eff"  luction  of  span  <lue  to  the  size  of  the  cap  in  order  to  ob- 

taiii  Ml  total  of  the  applies!  moments  that  must  U'  resisted  by 

the  slab  at  mid  section  and  at  one  side  taken  together,  and  further 
that  this  applied  moment  is  subdivided  in  its  action  between  a 
iKMuiing  and  a  twisting  moment.  This  statement  may  be  put  in 
algebraic  form  as  follows 

wITL/g- M -f  AT..  12) 
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in  which  m  is  the  fractional  multipHer  by  which  the  total  statical 
moment  of  the  load  must  be  diminished  on  account  of  reduction  of 
its  effective  span  in  order  to.  obtain  the  actual  applied  moment  M-\-  N, 
of  which  the  applied  bending  moment  M  is  so  related  to  the  applied 
twisting  moment  N  that  M  =  2N.  Hence  lM  =  mWL/8,  or 
M  =  imWL/S. 

It  has  been  further  shown,  that  with  the  usually  prescribed  sizes 
of  caps  the  value  of  the  multiplier  m  is  such  that  M  is  less  than 
WL/16.  Consequently  the  total  applied  bending  moment  to  be  re- 
sisted by  the  slab  at  mid  section  and  edge  of  the  cap  when  taken  to- 
gether is  less  than  one  half  of  the  statical  moment  of  the  load  between 
mid  section  and  edge  of  the  panel. 

It  has  also  been  shown  still  further  that  a  homongeneous  plate  or 
a  floor  slab  that  is  initially  flat  and  is  reinforced  in  the  tension  zones 
by  a  fine-grained  mat  of  crossed  rods  which  is  so  firmly  held  together 
by  the  concrete  matrix  that  it  acts  like  a  continuous  sheet  of  metal 
when  it  undergoes  synclastic  curvature  or  double  bending  such  as 
to  produce  nearly  equal  unit  elongations  eg  of  the  steel  in  two  mutually 
rectangular  directions  in  the  dish  shaped  areas,  requires  the  applica- 
tion of  a  bending  moment  in  each  of  these  two  directions  of  more 
than  twice  the  amount  that  must  be  applied  in  a  single  direction  to 
produce  an  equal  elongation  gg  in  that  one  direction  alone,  under 
cylindrical  curvature.  This  is  so  because  each  of  the  moments  that 
are  mutually  at  right  angles  to  each  other  not  only  produces  positive 
bending  in  the  direction  of  its  action  in  its  own  plane  but  likewise  at 
the  same  time  produces  negative  bending  in  a  plane  at  right  angles 
thereto. 

It  follows  that  in  calculating  steel  deformations  and 
slab  deflections  due  to  the  total  apphed  bending  moments  which 
act  to  produce  longitudinal  stresses  across  vertical  planes  mutually 
at  right  angles  to  each  other  the  deflection  will  not  exceed  one  half 
of  the  deflection  of  the  same  slab  in  cylindrical  curvature  as  a  beam 
under  the  action  of  one  of  these  moments  alone,  but  the  total  re- 
sisting moment  shown  by  the  longitudinal  strains  may  be  less  even 
than  one  half  that  in  the  slab  when  considered  as  a  beam  under 
the  action  of  the  total  applied  bending  moment  in  one  direction  only, 
because  that  total  applied  bending  moment  in  case  the  slab  is  thick 
or  has  a  thick  drop  may  be  resisted  partly  by  arch  action,  and  con- 
sequently only  partly  by  the  stresses  called  into  play  by  the  actual 
flexure  of  the  slab.  The  moment  acting  to  produce  flexure  alone  is 
consequently  the  remainder  of  the  total  applied  bending  moment  M 
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Since  arch  action  in  a  slab  makes  use  of  part  of  the  compressive 
resistance  of  the  concrete  t«  resist  the  horizontal  thnwt  developed 
by  deflections  in  the  ptancl  while  the  rest  of  it  coacts  with  the  ten- 
aons  in  the  steel  so  that  the  clongatioiis  e.  of  the  steel  at  any  point 
will  be  those  due  to  the  applied  moments  diminished  by  the  amount 
of  the  moment  that  expresses  the  arch  action,  as  will  l)e  explained  later. 
Hoice  the  computed  stresses  in  the  steel  will  be  less  than  those  produced 
by  the  total  applietl  l)ending  moment,  but  the  panel  deflections  in  case 
of  continuous  panels  since  they  depend  mostly  on  compressions  in  the 
concrete,  will  not  differ  materially  from  the  deflections  of  flexure  for 
the  same  total  ajiplietl  bending  moment  without  such  reduc- 
tion. For  purposes  of  design  this  total  applied  Ijending  moment 
must  l>e  subdivided  between  mid  span  and  panel  edge  in  a  ratio  de- 
termined either  by  the  ratio  of  the  moments  of  inertia  at  these 
sections  and  by  restraints  at  the  supports  or  by  the  position  of  the 
points  of  inflection  as  investigated  later. 

By  equations  (8)  and  (9)  the  differential  equation  of  the  deflec- 
tions z  may  be  written  in  the  form 

£/li  =  m.  =  nio— u*(x*-xy3a)  (13) 

dx 

in  which  the  oriRiii  of  x  and  z  in  at  the  center  of  the  panel,  m,  is  the 
value  of  the  applicni  InMiding  moment  acting  at  any  vertical  section 
of  the  panel  situated  at  a  distance  x  from  the  center,  and  nio  is  that 
at  mid  section  where  x  "  0. 

In  this  equation  the  moment  of  inertia  according  to  Section  U 
Chapter  V' I  is. 

/-  Z(Aijd') 

It  has  a  value  that  we  may  designate  by  /«  at  mid  section  of  the 
panel,  and  another  value  /,  at  the  supports.  These  may  be  cal- 
culated as  explained  later  in  Section  6  by  tak  ing 

X- A, -I- 2.5^2 

in  which  ^,  is  that  part  of  the  oroM  section  of  the  steel  that  resista 
by  l)eam  action,  and  Aj  the  croae  section  of  that  part  of  it  which  ii 
in  sjnrlastic  curvature,  MBuming  that  the  moment  of  inertia  /« 
is  constant  from  mid  section  to  the  points  of  inflection,  and  /,  is 
constant  from  inflection  points  to  supports. 
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In  case  of  uniform  moment  of  inertia  such  as  is  now  under  con- 
sideration with  dzl dz  =  O,  at  x  =  O,  we  have 
dz 

EI  -  =  moX-wh(x^-x*  I  ^a)l  3 (14) 

«  dx 

If  the  slab  is  so  restrained  by  the  caps  that  it  is  horizontal  at  a 
point  at  a  distance  x  =  nL^  from  mid  span,  then  at  that  point 
dz/dx  =  0,  and  after  introducing  x  =  nL^  and  W  =  2whL^,  we 
obtain  by  (14)  the  moment  at  mid  section. 

mo  =  n2(l-in)TrLi/6 (15)    / 

and  by  (13)  we  obtain  the  corresponding  moment  at  the^  margin 
where  re  =  nLi 

m^  =  mo  -  n2  (1  -  n/6)  whLl  =  -  n^  (4  -  3n)  WLi/l2.  .  (16) 
From  these  we  find  the  total  applied  bending  moment  between  mid 
section    and    margin   is 

M^  =  mo  -  m^  =  n2  (3-2n)  WL^/ 6... (17) 
The  fractional  coefficient  n  here  introduced  to  express  the  dis- 
tance of  the  edge  of  the  cap  from  mid  span  is  related  to  C  /  L  pre- 
viously employed  to  express  the  size  of  the  cap  as  follows : 
In  any  span  L  we  have 

nL  =  iiL-  C),orn  =  ^{l-  C/L) .  .  .  (18) 
so  that  we  have  corresponding  value  of  these  quantities  and  ratios 
of  corresponding  moments  as  shown  in  the  following  table : 

*TABLE  OF  MOMENT  RATIOS  FOR 
• GIVEN  CAP  RATIOS  C/L 

C/L 0         .1         .2         .3         .4         .5 

n 5         .45       .4         .35       .3         .25 

mo/TFLi  =  n"  (1  ^n)/6 030     .026     .021     .017     .013     .009 

-mJWLx  =  nl{2-H)/Q..     .053     .045     .038     .030     .022     .016 

MjWLi  =  71^)^-211)/ 6...     .083     .071     .059     .047     .035     .025 

2  -  n 

iHo/M^  = 375     .37      .36      .36      .35      .35 

6-4n 

4  -  3n 

-mjM^  = 625     .63      .64      .64      .65      .65 

6  -  3n 

2-n 

-mjm^  = 6         .58       .57       .56       .55       .54 

4-3n         

•This  table  applies  when  /x  the  moment  of  inertia  over  the  Columns  equals 
/o  the  moment  of  inertia  ad  mid  span. 


MOMEirr  AMMAB  A  rUNCTION  OF  MOMBNTB  Of  IKKKTIA  88 

In  this  table  nio  »  applinl  bending  moment  at  a  panel  mid  section 

m.  >=  applied  l)ending  moment  at  a  panel  margin 

Jfi»ino-inx»the  total  bending  moment  applied  between  mid 
section  and  margin 

The  values  of  ^f,y\yLl  in  this  table  have  been  previously  given 
in  Section  2  of  this  Cliai>ter.  For  example,  in  case  the  supports  are 
mere  points  at  the  comers  then  n  =  i,  and  we  have 

mo=WL,/32,    m,  =  -5IVL,/96,    and  A/. ^WL^  12. 
» 
The  results  given  in  this  table  undergo  modification  in  case  the 

slab  is  not  uniform  by  reason  of  variations  oi  its  moments  of  inertia 
where  for  instance  the  total  moment  of  inertia  at  mid  section  differs 
from  that  at  the  margin.  In  cases,  however,  where  these  moments 
of  inertia  are  equal  it  is  evident  from  the  table  that  the  steel  stresses 
at  the  margin  will  exceetl  thoHc  at  mid  so<*tion  because  m,>mo.  On 
that  account  a  designer  would  increase  the  marginal  moment  of  inertia 
in  order  to  make  the  steel  stresses  more  nearly  equal  at  mid  span  and 
margin  and  in  so  doing  he  would  according  to  the  principles  of  rigidities 
increase  m,  at  the  expense  of  mo  and  so  decrease  the  ratio  nio/  m, 
to  some  extent.  While  the  algebraic  analysis  of  the  case  of  unequal 
moments  of  inertia  at  mc<lium  section  and  margin  meets  difficulties  of 
solution  by  reason  of  the  degree  of  the  unknown  quantitira  involved, 
a  satisfactory  graphical  analysis  may  be  developeti  as  follows: 

9.  Bending  Moments  and  Moments  of  Inertia  at  Mid  Section 
and  Margin  in  Interior  Panels  of  Continuous  Column  Supported  Flat 
Slab  Floors  tniformly  I  oaded.  Ia'I  AO"  in  Fig.  124  l>c  the  left 
hand  half  of  a  moment  '  ustructed  as  follows  for  a  load  on  the 

span  L-2.40  betwe«'n  eolunui  cent<*r8  when»  .t  is  a  column  center, 
0  is  the  mid  span  and  the  load  is  distributed  in  the  same  manner  as 
It  is  on  each  of  the  diamond  shaped  areas  of  a  slab  on  st'parated 
supports,  viz.  a  load  uniformly  incn^asing  from  support  to  mid  span 
which  may  l)e  rcpre«ente<i  by  the  ordinatcs  of  tlic  line  AD.  Sub- 
divide the  span  L  into  some  number  of  equal  parts.  In  Fig.  124 
AO»'\L  is  sulniivided  into  5  e(|ual  segments,  then  the  onlinate  of 
AD  at  the  mid  jwint  of  each  of  these  segments  may  be  taken  to 
represent  graphically  the  amount  of  that  segment  of  the  load.  Lay 
thete  off  successively  on  some  convenient  scale,  downward  fnmi  A , 
as  the  applied  loads.  On  the  same  horisontal  as  the  extremity  // 
of  the  total  load  on  the  half  p«mI  Mmwnn  P  at  a  oonve&ient  pole 
distance  from  //,  and  connect  it  by  a  pencil  of  rays  with  the  pointo 
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of  subdivision  of  the  load  line.  Draw  verticals  thru  the  centers  of 
gravity  of  the  trapezoidal  load  areas.  The  moment  curve  may  then 
be  constructed  as  usual  by  drawing  successive  segments  of  it  between 
these  gravity  verticals  parallel  to  the  successive  rays  of  the  pencil. 
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The  ordinates  of  this  moment  curve  will  represent  the  relative 
magnitudes  of  the  bending  moments  produced  in  transmitting  a 
load  uniformly  distributed  upon  a  slab  to  its  separated  supports, 
because,  as  has  been  shown,  these  ordinates  represent  the  only  bend- 
ing moments  about  the  sides  called  into  play  by  the  total  loading. 

The  side  AE  of  this  curve  is  straighter  than  the  side  of  a  parabola 
having  an  equal  center  ordinate  00" ,  and  that  part  of  the  curve 
near  the  vertex  0"  has  a  sharper  curvature  than  such  a  parabola. 
This  is  due  to  the  concentration  of  loading  toward  mid  span  at  0. 
The  two  symmetrical  halves  of  this  moment  curve  do  not  constitute 
a  single  algebraic  curve  because  the  ordinates  of  the  load  curve  does 
not  follow  a  single  law  from  column  center  to  column  center  but 
undergoes  a  sudden  change  at  0. 

Let  the  effective  span  between  column  caps  be  2(?0i  =  L-  C,  then 
GO"  is  the  left  half  of  a  moment  curve  due  to  that  part  of  the  load 
upon  the  effective  span  L-C,  when  C  is  the  length  of  those  portions 
of  L  occupied  by  the  caps.  In  Fig.  124,  C  =  .2L,  and  L-C  =  .SL. 
Assume  some  horizontal  closing  line  of  zero  moments  for  this  moment 
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e  GO"  as  JO*.  We  can  asmime  J(y  at  such  a  level  as  to  niake  the 
point  of  inflection  E  fall  at  any  dcmred  distance  from  mid  span  (/. 
If  JCy  is  to  be  the  left  hand  half  of  the  actual  closing  line  for  an 
effective  span  TGOx^TJCy  in  which  the  center  moment  is  O'O"  and 
the  negative  end  moment  G J  is  to  furnish  the  restraint  required 
to  keep  the  eml  horizontal,  then  the  total  bending  in  the  span  is  zero. 
Now  actual  bending  is  proportional  to  total  applied  moment  area 
and  inversely  as  the  stiffness  or  moment  of  inertia. 
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Let  /q  be  the  moment  of  inertia  of  the  central  part  of  the  span 
between  points  of  inflection  and  /,  that  of  the  end  aegmentJ.  Deaf* 
nate  the  area  E&iy  by  ii,  and  KJH  by  B.    Then  the  conditioii 
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that  the  slab  remain  horizontal  at  the  ends  and  at  mid  span  is  ex- 
pressed by  the  equation 

A/h  =  B/l,,  or  A/B  =  h/I, (19) 

Find  the  ratio  A/B  by  planimeter  measurements,  and  we  thereby 
determine  what  ratio  I^  must  have  to  7^  in  order  that  the  point  of 
inflection  will  fall  on  the  moment  curve  at  the  point  where  the  assumed 
closing  line  JO'  intersects  it.  In  other  words,  if  the  slab  be  so  designed 
that  the  values  of  Iq  and  I^  have  a  ratio  to  each  other  of  Iq/I-x.  equal 
to  the  measured  ratio  A/B,  the  point  of  inflection  will  be  at  the  level 
of  the  closing  line  JO'.  Now  this  required  value  of  the  ratio  Iq/I^ 
can  be  secured  by  a  suitable  distribution  and  design  of  the  reinforce- 
ment at  the  mid  section  and  the  margins  of  the  panel. 

Now  assume  several  successive  trial  closing  lines  at  nearby  levels 
as  at  a,  h,  c,  d,  e  for  a  given  size  of  cap  C/L,  as  for  example  for 
C/L  =  .2,  and  determine  in  each  case  by  planimeter  measurements 
the  corresponding  value  of  A/B.  Then  starting  from  the  vertical 
G  at  the  edge  of  the  cap,  lay  off  these  values  of  A/B  as  abscissas  on 
the  horizontals  thru  a,  b,  c,  d,  e  respectively  to  any  convenient  scale. 
Thru  the  points  so  found  an  interpolation  curve  may  be  drawn  whose 
ordinates  represent  the  levels  of  the  closing  lines  a,  h,  c,  d,  e,  etc., 
and  whose  abscissas  express  the  corresponding  values  of  A/B  =  Iq/Ix, 
and  at  the  same  time  the  levels  a,  h,  c,  d,  e,  etc.,  show  the  positions 
of  the  points  of  inflection  where  the  bending  moments  vanish.  By 
means  of  such  an  interpolation  cuive  for  a  given  value  of  C/L  we 
may  start  with  any  given  or  assumed  value  of  I^/  lo  and  find  imme- 
diately the  level  of  the  closing  Une,  the  ratio  mo/nix,  and  the  posi- 
tion of  the  point  of  inflection. 

The  accompanying  table  has  been  obtained  by  this  process.  It 
covers  such  a  range  of  values  of  C/L  and  I^/lo  as  to  include  the  usual 
sizes  of  caps  and  ratios  of  reinforcement  at  mid  span  and  margin  and 
shows  moreover  not  only  the  mean  position  of  the  points  of  inflection 
that  correspond  to  these  but  also  the  amount  of  the  total  moment  in 
the  effective  span  and  its  distribution  between  mid  span  and  margin. 
By  this  table,  therefore,  when  we  have  assumed  any  usual  size  of 
cap  and  any  relative  amounts  of  reinforcement  at  mid  span  and 
margin  of  the  panel  we  are  able  at  once  to  find  the  absolute  and  rela- 
tive magnitudes  of  the  bending  moments  at  mid  span  and  margin 
of  the  panel  as  well  as  the  mean  position  of  the  points  of  inflection 
in  the  span. 
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SQUARE  PANEM 


IN  DIRECT  SPANS  OF 
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To 

2x, 
L 

2»I 

mo 

WL/2 

m, 
WL/2 

mo 
m. 

mo 

m. 

I 

mo  +  m. 

nio  +  mg 

.2 

.35 

.540 

.675 

.0588 

.0688 

1.000 

.500 

.500 

.2 

.50 

.516 

.646 

.0638 

.0638 

.844 

.457 

.543 

.2 

1  00 

.455 

.568 

.0432 

.0744 

.680 

.367 

.633 

.2 

2.00 

.385 

.481 

.0325 

.0850 

.383 

.277 

.723 

.2 

3.00 

.350 

.438 

.0276 

.0900 

.306 

.234 

.766 

.2 

4.00 

.328 

.410 

0237 

.0936 

.253 

.202 

.798 

.2 

5.00 

.305 

.381 

.0212 

.0964 

221 

181 

.819 

.3 

.35 

.475  * 

.677 

.0462 

.0475 

.975 

.494 

.506 

.3 

.50 

.450 

.643 

.0425 

.0612 

.829 

.453 

.547 

.3 

I  00 

.396 

.565 

.0335 

.0603 

.656 

.357 

.643 

.3 

2.00 

.335 

.478 

.0250 

.0687 

.3<M 

.267 

.733 

.3 

3.00 

.305 

.435 

0212 

0725 

.293 

.227 

.773 

.3 

4.00 
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.0181 
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.3 
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.0775 
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.455 
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.0350 
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.237. 
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.807 
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.200 

.167 

.833 
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In  this  table  Dlo  is  the  applitnl  lM>n(ling  moment  at  mid  section, 
and  m,  that  at  the  eilge  of  the  cap,  /o  the  moment  of  inertia  of  the 
panel  at  mid  section  and  /„  that  at  the  margin.  In  order  to  facilitate 
the  use  of  the  table  the  relation  between  Ij'Io  and  m«ym,  is  plotted 
in  Fig.  125  which  shows  for  the  thrtv  values  .2,  .3  and  .4  resix»ct  ively 
of  C/L  how  the  ratio  of  the  center  moment  IDo  to  the  marignal 
moment  m,  diminishes  as  the  relative  stiffness  at  the  margin  I^h 
increases.  The  striking  character  of  the  results  shown  in  these 
curves  makes  it  clear  how  little  the  ortlinary  assumption  of  (U.<tribu- 
tion  of  the  total  applicHl  l>ending  moment  into  one  third  at  mid  sec- 
tion and  two  thirds  at  the  Htipix)rts  corresponds  to  the  actual  dis- 
tribution in  rcinforccti  sUUw  where  Ig/Io  differs  from  unity,  as  it 
usually  does. 

10.  Moment  of  Inertia  of  Reinforced  Flat  PUtea.  Tlie  rooment 
of  inertia  of  a  plate  pru|)eriy  reinforced  with  a  fin^-fcrained  mat  when 
bent  in  synclastic  curvature  differs  from  tlic  momant  of  inertia  of  a 
beam  of  the  same  span  and  reinforced  with  the  same  wdght  of  metal 
because  under  synclastic  bending  a  ghren  weight  of  steel  in  a  slab  i» 
tomewhat  nM>re  effective  in  eaeh  of  two  directiom.  This  increase 
of  effccUvences  must  be  taken  account  of  in  comparing  the  resiiti&g 
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moment  and  relative  moment  of  inertia  of  the  reinforcement  over 
the  supports  and  at  mid  span  between  the  supports,  and  in  appor- 
tioning the  applied  moment  which  will  be  resisted  at  these  critical 
sections. 

V 

Because  the  greatest  moment  to  be  resisted  occurs  over  the  sup- 
ports it  frequently  becomes  necessary  to  obtain  this  increased  resis- 
tance over  the  supports  by  having  the  slab  steel  spliced  over  the 
columns,  and  the  efficiency  of  the  laps  is  added  to  the  resistance  at 
these  points.  The  splice  or  lap  therefore, enters  into  the  determina- 
tion of  the  moment  of  inertia  over  the  supports  and  if  the  lap  is 
sufficiently  long  it  may  form  an  effective  part  of  the  mat.  The  length 
which  renders  the  splice  efficient  is  determined  by  the  question  whether 
the  lap  is  long  enough  to  extend  well  into  the  rim  of  the  area  of 
synclastic  curvature  where  circumferential  action  is  largely  developed. 
Short  laps  serve  only  to  reduce  the  measured  stress  along  the  length 
of  the  splice  while  adding  relatively  little  in  proportion  to  their  cross 
section  to  the  rigidity  of  the  mat  as  a  whole.  Hence  steel  laps  are 
to  be  considered  as  fully  effective  in  increasing  the  rigidity  and 
moments  of  inertia  of  areas  of  synclastic  curvature  only  when  they 
are  long  enough  and  at  the  same  time  are  correlated  to  other  equal 
laps  crossing  them. 

Supposing  the  size  of  cap  and  the  amount  and  arrangement  of 
the  reinforcement  given  in  any  design  for  a  floor,  the  steel  in  the  area 
of  synclastic  curvature  around  the  panel  center  may  be  treated  for 
the  purpose  of  computation  as  2^  times  as  efficient  in  every  direc- 
tion as  a  single  belt  in  its  own  direction  provided  the  reinforced  area 
of  synclastic  curvature  has  a  diameter  of  approximately  7/lOths 
of  the  panel  width.  The  steel  in  the  remaining  3/lOths  of  the  panel 
width  in  anticlastic  curvature  has  an  efficiency  the  same  as  it  would 
have  in  a  beam  section.  This  treatment  is  permissible  only  when  the 
hilf  diagonal  of  the  mesh  does  not  materially  exceed  the  distance 
from  the  steel  to  the  neutral  plane,  and  the  width  of  the  crossed 
rod  mat  in  the  bottom  of  the  slab  is  not  less  than  7/32nds  of  the 
sum  of  the  sides  of  the  panel,  but  8/32nds  gives  a  better  distribu- 
tion. Having  thus  determined  the  value  of  /„  that  of  I^  is  to  be 
calculated  in  hke  manner. 

Where  the  slab  is  of  uniform  thickness  and  a  spider  of  large  bars 
is  used  to  impart  shearing  rigidity  to  the  slab  at  the  support  the 
neutral  plane  becomes  a  scallop  shaped  surface  instead  of  a  plane 
surface  around  the  supports.  The  moment  of  inertia  added  by  the 
large  radial  rods  is  relatively  small  compared  with  the  moment  of 
inertia  of  the  slab  bars  because  the  latter  function  as  a  mat  which 
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the  Uurger  rods  cannot  effectively  do.  The  effiq^pnc^'  4^  ^^taiffile 
flmp  etaneatflt  the  nwiial  joda^  the  imiriprJfl-lherefore  ^dm^velY 
gggll  and  an  approxiinate  estimate  of  thdr  eflScioicy  only  is  sufficient. 

With  the  values  of  C/L  and  /o//,  thus  ascertained  for  the  design 
under  consideration  the  table  in  section  5  will  give  IHo  and  m,.  If 
the  cross  sections  of  the  steel  requirwi  by  these  liending  momrats  at 
mid  section  and  margin  differ  materially  from  those  in  the  proposed 
design  they  should  Ik*  a(lja«<ted  to  meet  the  requirements  that  they 
themselves  involve. 

The  area  of  th^steel  section  requinxl  at  any  section  is  to  lie  found 
from  the  applied  moment  at  that  section  from  the  equation — 

as  shown  in  Section  11  Chapter  VI,  in  which  A  is  the  effective  croM 
section  of  the  steel  acting  as  in  a  beam,  but  any  steel  that  acts  in 
qmclastic  ciu^ature  acts  with  a  multiple  effectiveness  and  can  have 
its  actual  cross  section  diminished  in  a  corresponding  ratio  to  le« 
than  half  that  required  in  beam  action.    Hence  the  cross  section 

A^m/i/Jd) 

is  the  cross  section  that  would  be  required  for  beam  action  which 
may  be  written 

A-i4t-f  cAj 
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in  which  .4]  is  the  area  of  that  part  of  the  steel  section  which  acts  in 
abeam,  an<l  .42  the  part  in  synclastic  action  which  has  an  effectivenesB 
ter  than  2.    Ai  and  A  2  need  be  taken  only  large  enough  to 

e  A''Ai+  cAi  aatisfy  the  value  of  m  given  alx)ve. 

The  steel  sectimia  so  obtaimni  are  however  to  be  modified  in 
turn  to  afford  the  neceamy  resistance  whenever  the  siie  and  mo- 
mentof  inertia  of  the  columm  cast  integral  with  the  slab  is  not  sufficient 
to  practically  fix  or  restrain  the  slab  to  a  horiaontal  position  at  the 
nipports  under  the  unbalanced  loads  to  which  it  will  be  subjected. 

At  exterior  panels,  altho  the  loading  may  be  taken  as  uniformly 
distributed  the  restraint  at  the  ouU>r  edge  of  the  flow  measured  by 
the  moment  of  inertia  of  wall  ami  wall  columns  is  usually  insufficient 
to  hoUl  the  floor  horizontal  at  the  edge  and  eoasidermtiolM  as  to 
distribution  of  applitni  nuinients  are  to  be  introdueed  that  are  em- 
l^yed  later  for  the  case  of  unbalanoed  IomIs.  It  will  be  found  that 
gn4>hical  constructioos  like  that  employed  in  this  chapter  may  be 
used  most  advantagRnialy,  nnee  they  lead  moet  directly  to  results 
of  a  hif^  degree  of  accuracy. 
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1 1 .  Apportionment  of  Moment,  Diagonal  Spans  of  Square  Panels 
Column  supported  Slabs.  In  considering  a  column  sup- 
ported flat  plate,  the  structural  engineer  takes  it  for  granted  that 
the  applied  bending  moment  to  which  the  material  is  subjected  can 
be  computed  by  ordinary  beam  theory,  but  this  theory  has  been  usual- 
ly misapplied  with  the  result  that  not  only  are  the  applied  bending 
moments  over-estimated  as  they  should  not  be  under  beam  theory, 
but  the  resistance  of  the  material  is  also  greatly  under-estimated. 
Take  the  moments  along  diagonal  lines  about  which  the  twisting 
moments  may  be  disregarded  since  they  are  in  equilibrium  and 
figure  these  moments  from  the  known  shears  that  the  loads  produce 
across  the  diagonals  by  considering  the  center  of  gravity  of  the  lo  ids 
where  they  are  known  to  be  applied,  then  a  rational  application  of 
beam  theory  to  the  problem  will  tend  to  make  clear  the  fundamental 
errors  that  have  been  heretofore  made  in  the  determination  of  the 
magnitude  of  these  moments. 

Under  uniform  load,  if  the  panel  area  between  four  posts  be  con- 
sidered to  be  sub-divided  by  the  median  lines  into  four  quarters,  it 
is  apparent  that  the  load  on  each  quarter  is  tranferred  from  its  cen- 
ter of  gravity  at  the  quarter  point  of  each  diagonal  to  the  adjacent 
column,  and  if  the  column  support  be  considered  to  be  merely  a 
point,  the  total  applied  moment  produced  by  the  transfer  is  Tr/4X 
Ld/4  in  which  L^  is  the  diagonal  span,  or  L^  —  L  V2  where  L  =  the 
direct  span  if  the  panel  is  square,  or  in  any  case  L^  =  the  square  root 
of  the  sum  of  the  squares  of  the  sides  of  the  panel  whether  the  panel 
be  rectangular  or  square. 

In  transferring  the  load  to  the  four  columns  the  material  of  the 
panel  resists  in  two  directions  diagonally  and  the  distribution  of 
the  quarter  panel  load  along  the  diagonal  which  goes  to  each  of  the 
diagonally  opposite  columns  is  one  that  increases  uniformly  from 
zero  at  the  column  to  a  maximum  at  the  quarter  point  of  the  diagonal 
and  from  that  point  decreases  uniformly  to  zero  at  the  diagonal 
center  of  the  panel,  and  again  increases  on  the  other  side  of  the 
center  so  that  the  moment  curve  of  the  load  so  distributed  along  the 
diagonal  differs  from  the  moment  curve  of  a  uniform  load  in  that  it 
is  much  steeper  at  the  supports  and  much  flatter  throughout  its 
center  portion  than  the  parabolic  curve  of  uniform  loading. 

The  effect  of  this  distribution  of  load  is  to  move  the  point  of 
inflection  on  the  diagonal  toward  the  support  as  compared  with  its 
position  in  a  continuous  uniform  beam  under  uniform  load.  ♦  Fur- 
thermore, it  makes  a  cap  of  given  diameter  have  "an  effect  to  reduce 
the  total  applied  moment  much  more  than  would  be  the  case  were 
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uniformly  distrihutccl.  By  reason  of  the  fact  that  the  load 
divided  in  its  diagonal  travel  in  two  directions  the  total  load 
transfentHi  hy  each  diagonal  is  only  half  the  total  panel  load,  and 
the  loads  which  travel  in  the  two  directions  are  separateil  by  the 
median  lines  of  the  panel  which  are  known  axes  of  Jsero  shear.  The 
sum  of  the  liending  moinciits  along  the  two  diagonals  considrring  the 
supports  to  be  mere  |x>iut.H  in  thus  WL^S  as  required  l>y  l)eam 
theory-,  or  WL^/lQ  in  each  direction.  One  correct  application  of 
beam  theory  therefort>  takes  the  diagonals  of  the  panel  as  the  spans 
for  two  In^ams  that  cross  each  other  with  two  loads  each  equal  to 
W/4  on  each  beam'l  the  centers  of  gravity  of  which  loads  are  situated 
at  the  quarter  points  of  the  diagonals.  These  fqur  loacLs  comprise 
the  entire  panel  loading,  and  since  they  are  each  separately  trans- 
ferred to  the  nearest  support  the  only  bending  moments  they  can 
produce  on  the  diagonals  arc  those  just  calculated. 

A  different  application  of  beam  Iheorj'  also  correct  has  Ixrn  made 
previously  where  the  en  tin*  loa<l  upon  the  floor  was  separated  into 
lozenge  shaped  arcu.^  i>y  the  diagonals.  These  lozenge  shapes  areas 
each  extended  along  a  side  of  a  panel,  and  the  load  upon  the  area 
produced  l)ending  moments  in  transmitting  the  load  to  the  supports 
at  the  ends  of  its  sides,  and  these  were  the  only  bending  moments 
required  to  transmit  the  loading  to  the  supports.  The  twisting 
moments  about  the  axis  of  each  lozenge  are  in  equilibrium  and  need 
not  be  considered  in  connection  with  the  bending  moments. 

These  two  separate  anal>'8e8  of  bending  moments  along  diagonals 
and  along  the  sides  are  in  no  sense  contradictor}-.  They  are  inde- 
pendent and  conconbiut.  The  position  of  the  points  of  inflection 
on  the  panel  sides  for  several  sizes  of  caps  and  ratios  of  moments  of 
inertia,  etc.,  at  mid  span  and  sup[X)rts,  have  been  aln>ady  determined 
graphically.  The  position  of  the  iM)ints  of  inflection  on  the  diagonals, 
etc.,  and  the  apportionment  of  the  total  l)ending  moment  l>etween 
mid  span  and  supfx)rts  on  the  liiagonals  arc  arrived  at  by  a  prtH^iscly 
similar  graphical  pro<'ess  on  the  diagonals  each  under  two  loads  of 
\W,  as  that  previously  descrilKHl,  while  the  detennination  of  the 
moments  of  inertia  at  mid  span  and  supports  requires  Q)ecial  con- 
sideration. 

The  moments  of  inertia  to  l>e  employe<l  in  apportioning  the  total 
moment  between  the  moment  over  the  support  and  that  at  mid  span 
will  be,  first  /,  the  moment  of  inertUover  the  column  head  figured 
as  before,  an<l  wTond  /.,  the  moment  of  inertia  at  mid  hiwn  which 
will  be  the  sum  of  the  moments  of  inertia  across  the  panel  on  median 
lines  in  each  direction. 
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This  is  evident  since  the  metal  about  the  diagonal  center  operates 
as  a  sheet  and  a  sheet  resists  stresses  in  two  directions  at  right  angles 
to  each  other  with  even  greater  efficiency  than  it  can  resist  stress  in 
one  direction.  Thus  the  crossed  rods  in  the  mat  about  the  diagonal 
center  of  the  panel  are  able  to  perform  more  than  double  duty,  if 
sufficiently  widely  distributed,  while  the  steel  in  the  areas  of  anticlastic 
curvature  which  extends  directly  to  adjacent  columns,  supports  none 
of  the  load  on  the  diagonal  strip  considered,  and  consequently  it 
acts  with  single  efficiency  on  both  sections  just  as  it  would  in  the 
lozenge  shaped  strips  directly  between  columns. 

Because  the  double  moment  of  inertia  at  the  diagonal  mid  span 
opposes  the  bending  of  the  segments  of  the  adjoining  quarter 
panels,  the  point  of  inflection  on  the  diagonal  is  pushed  toward  the 
column  to  a  percentage  of  the  total  length  of  the  span  which  is 
usually  not  far  from  .8  of  the  percentage  of  the  span  length  at  which 
the  point  of  inflection  lies  on  direct  column  lines  when  the  direct 
and  diagonal  span  is  taken  as  center  to  center  of  columns  in  the 
two  respective  directions. 


MOMENTS  AND  POINTS  OF  INFLECTION  IN  DIAGONAL  SPANS  OF 

SQUARE  PANELS. 


Ix 

C 
L 

2x1 
L 

2x1 

nix 

mx 
hWL 

mo 
mx 

mo 

mx 

/o 

mo  +mx 

mo  +mx 

.5 

.15 

.580 

.682 

.0325 

.0057 

.583 

.368 

.632 

.5 

.20 

.547 

.685 

.0275 

.0492 

.558 

.358 

.642 

.5 

.25 

.515 

.687 

.0242 

.0424 

.548 

.353 

.647 

.5 

.30 

.484 

.692 

.0190 

.0355 

.535 

.349 

.651 

1.0 

.15 

.524 

.617 

.0243 

.0630 

.379 

.275 

.725 

1.0 

.20 

.442 

.615 

.0200 

.0568 

.353 

.261 

.739 

1.0 

.25 

.467 

.622 

.0170 

.0485 

.350 

.259 

.731 

1.0 

.30 

.435 

.626 

.0140 

.0405 

.345 

.257 

.743 

2.0 

.15 

.468 

.551 

.0170 

.0712 

.239 

.194 

.806 

2.0 

.20 

.442 

.552 

.0145 

.0623 

.233 

.189 

.811 

2.0 

.25 

.413 

.550 

.0120 

.0535 

.224 

.183 

.817 

2.0 

.30 

.390 

,557 

.0100 

.0445 

.225 

.184 

.816 

3.0 

.15 

.430 

.506 

.035 

.0747 

.181 

.154 

.846 

3.0 

.20 

.407 

.508 

.0115 

.0653 

.176 

".149 

.851 

3.0 

.25 

.386 

.514 

.0095 

.0560 

.170 

.145 

.855 

3.0 

.30 

.365 

.521 

.0083 

.0463 

.178 

.152 

.848 

In  case  of  a  rectangular  panel  the  load  distributed  along  the 
diagonal  is  constant  for  some  distance  each  side  of  each  quarter 
point  and  then  decreases  uniformly  to  zero  at  the  diagonal  center 
and  at  the  column  center. 


KOMBNTS  AND  fOOm  OW  DmjBCTION 


03 


e  total  applied  bending  nMxnent  in  the  diagonal  span  obtained 
by  the  preceding  process  when  due  regard  is  had  to  the  practicable 
diameters  of  column  cape  is  found  to  give  the  same  total  applied 
bending  moment  as  that  ohtaincnl  in  the  lozenge  shaped  side  spans 
in  a  square  panel,  and  is  approximately  equal  to  a  moment  similarly 
figured  in  a  rectangular  panel  when  the  mean  span  is  taken  as 

— — — ,  a  and  6  being  the  long  and  short  sides  of  the  panel  respec- 

a+  6 

tively.  This  determination  is  in  accordance  with  the  principles  of 
plane  hydraulic  stteaa  demonstrated  in  Chapter  III,  Section  10. 
The  following  table  gives  the  coefficients  locating  the  point  of  in- 
flection, and  the  apportionment  of  the  momenta  at  mid  span  and 
over  the  supports  for  a  rectangular  panel  in  which  Li,  the  long  side, 
equals  1.2  times  Lj  the  short  side. 

/ 

MOMfcNir>  .\Su  t\ASl6  i)b  INI-XECTION  IN  DIAGONAL  SPANS  OF 
RECTANGULAR  PANELS 


For  L\IL% 

-1.20 

It 

C 

X 

2^, 
L 

2*. 

mo 
kWL 

m, 
kWL 

mo 
m. 

mo 

m. 

K 

mo  +m. 

nio  +mE 

.5 
.5 
.5 

.15 
.20 
.25 

.553 
.519 

.078 
.692 
.692 

.0327 
.0288 
.0238 

.0551 
.0475 
.0414 

.592 
.606 
.576 

.372 
.378 
.366 

.628 
.622 
.684 

10 
1.0 
1.0 

.15 
.20 
.25 

523 
.500 
.468 

.617 
.625 
.624 

.0243 
.0214 
.0176 

.0635 
.0548 
.0477 

.383 
.389 
.368 

.277 
.280 
.209 

.728 
.TiO 
.731 

1.5 
1.6 
1.5 

.15 
.20 
.25 

.48S 
.AM 
.437 

.574 
.5ft2 
.583 

.0196 
.0171 
.0142 

.0679 
.0592 
0511 

.291 
.280 
277 

.226 
.224 
.217 

.n4 

.788 
.776 

2.0 
2.0 
2.0 

.15 
.20 
.25 

.458 
.439 
.413 

.538 

.550 
.551 

.0173 
.0144 
.0124 

.0704 
.0618 
.0088 

.246 
.283 
.284 

.198 
.180 
.190 

.802 
.811 

.812 

2.5 
2.5 
2.5 

.15 
.20 
.25 

.447 
.423 
.402 

.525 
.528 
.535 

.0153 
.0128 
.0118 

.0724 
.0635 
.0540 

.211 
.202 

.208 

.174 
.168 
.172 

.826 
.838 
.888 

L  in  the  table  is  the  length  of  the  diagonal,2x|  is  the  distMioe  between 
points  of  inflcHTtion  on  the  diagonal,  £#-C  is  the  distaaoe  ftkmg  the 
diagonal  between  caps,  nio  and  nii  are  the  bending  mnmcntt  at  mid 
span  and  support*,  and  /«  and  /.  are  the  eorretponding  motneots  of 
inertia. 
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Under-estimation  of  the  resistance  of  the  material  in  synclastic 
curvature  has  led  to  defective  designs  in  many  cases  in  which  no 
provision  at  all  has  been  made  for  so  restraining  the  synclastic  can- 
tilever ^,reas  to  a  synclastic  mode  of  operation  that  any  material  tran- 
sition from  synclastic  to  cylindrical  curvature  is  prevented  under  un- 
balanced load.  Accordingly  not  a  few  designs  that  make  a  good 
showing  under  uniform  load  are  lacking  in  strength  under  unbalanced 
loads.  In  the  pioneer  type,  a  heavy  spider  was  utilized  to  furnish 
the  required  restraint.  In  the  more  advanced  Spiral  Mushroom 
Type  diagonal  strips  and  spirals  combined  with  a  lighter  spider  are 
the  elements  which  operate  to  this  end. 

12.  Deflections  in  Panel  of  a  Continuous  Column  Supported  Flat 
Slab  Floor  Uniformly  Loaded. 

Integrating  equation  (14)  Section  4  we  find  the  deflection  z^  be- 
tween x  =  0  and  the  point  of  inflection  x  =  Xi. 

EIoZi  =  W^oXl-^bx\(l—Xi/5a)/6) (21) 

in  which  2i=the  magnitude  of  the  deflection  between  the  origin  0  at 
the  panel  center  Fig.  123  and  that  at  the  point  of  inflection  on  the 
diagonal  at  a  distance  x  =  Xi,  and  I^  the  moment  of  inertia  is  assumed 
to  be  the  same  at  all  sections  between  x  =  0  and  x=Xi,  as  it  is  at 
x  =  0.  In  (21)  the  value  of  Xi  is  to  be  taken  from  the  table  in  section 
5  as  determined  by  the  known  value  of  n  and  I-^/lo- 

Again  by  equation  (14)  integrate  between  the  point  of  inflection 
&%  x  =  Xi  and  the  edge  of  the  cap  at  re  =  nL,  then 

£7,(22-2i)  =KmoLV— w;6LV  (1— in)/6) 

-^{m^x\-whx^^{l-x^/ba)/Q) (22) 

Hence         Ehi,-E{I^-I^)z^  =  i(moLV-w&L*n^l--n)/6) ....  (23) 

from  which  22  can  be  obtained  when  Zi  is  known  from  (21). 
The  total  central  deflection  is 

Z>  =  2l+Z2 

13.  Arrangement  of  Reinforcement  in  the  Spiral  Mushroom 
System.  The  original  four  way  reinforcement,  concentrates 
the  steel  in  the  cantilever  area  over  the  columns  where  it 
can  act  as  a  mat.  The  disadvantage  of  the  arrangement  consists  in 
having  four  layers  of  reinforcement  one  above  another  in  which  the 
center  of  action  of  the  metal  is  removed  to  a  considerable  distance 
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frdm  the  extreme  fibre  or  top  surface  of  the  slab,  l^nloss  Btandard 
specifications  were  strictly  okser\'tHl,  which  require  t  In-  -jtlicing  of  belts 
in  their  own  plane,  it  sometimes  hapix'ned  that  in.stead  of  hav- 
ing only  four  layers  of  rods  over  the  supports,  eight  layers  were  cob- 
piled  there,  and  the  center  of  resistance  of  the  steel  was  then  removed 
to  a  correspondingly  large  distance  from  the  surface  with  a  resulting 
tendency  to  over-strain  and  crack  the  concrete  in  tension  in  addition 
to  re<lucing  the  efficiency  of  the  material  as  a  tensile  reinforcement 
by  emplacement  too  far  from  the  outer  filnTs.  w  Inch  excessive  cob 
piling,  usually  resulted  in  increase<l  thickness  of  the  slab  in  order  to 
cover  the  steel.  The  elevation  of  the  heati  l)eing  determined  by  the 
bend  of  the  column  bars  and  the  length  of  the  column  reinforcement 
which  extends  down  to  the  lower  floor,  the  strength  is  thus  preserved 
but  the  contractor  in  order  to  save  what  material  he  could  in  the 
finish  in  order  to  make  up  for  this  loss  in  the  amount  of  concrete  in 
the  rough  slab  would  frequently  make  the  finish  so  thin  over  the 
support  that  it  would  l>ecome  cracked  by  shrinkage  and  present  a 
bad  surface.  These  difficulties,  together  with  the  consideration  that 
the  concentration  of  the  metal  in  the  cantilever  area  causes  a  like 
concentration  of  the  compressions  alK>ut  the  column  head  led  to  the 
improved  Spiral  Mushroom,  illustrated  in  Fig.  126»  in  which  the 
various  stages  of  placing  the  steel  are  shown. 

Stage  one  shows  the  frame  or  spider  on  which  the  flat  spirals  are 
placed,  the  spider  keeping  the  spirals  at  the  pn;)per  elevation  near  the 
top  of  the  slab.  In  the  second  stag(s  series  of  rods  of  a  width  approx- 
imately two  thirds  the  diameter  of  the  spiral  are  placed  in  two  direc- 
tions parallel  to  the  column  lines,  these  rotls  being  at  the  top  of  the 
slab  over  the  spirals  and  dipping  sharply  doii^nward  to  the  )x)ttom 
of  the  slab  b^ond  the  line  of  inflection.  Then  diagonal  strips  from 
mid  span  to  mid  span  of  the  sides  arc  placed  in  the  lx>ttom  throughout 
as  shown  in  the  third  stage*  And  finally  in  the  fourth  stage  it  is 
shoA^'n  how  parallel  rods  in  two  directions  fill  in  the  central  area,  each 
set  of  rcxls  rising  to  the  top  of  the  slab  over  the  saddle  back  art^as  and 
dropping  to  the  lK)ttom  then»fn)m  and  continuing  tlmiugh  the  bot- 
tom of  the  slab  in  the  central  lialf  of  the  plate. 

It  thus  appears  that  the  entire  area  of  the  slab  is  completely 
covered  by  parallel  rods  in  two  directiont  which  arrangement  i» 
effected  in  four  stages  as  just  described  in  order  to  be  able  to  pUoe 
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these  rods  at  proper  levels  with  respect  to  the  rest  of  the  reinforce- 
ment in  a  convenient  manner. 


^ UffMrm — ^' 

liiiiiil  , ',      .  .. 


FiHST  Stage" 


Second  Stage 


Thihd  Stage 


F'ouRTH  Stage 


Fig.  126 


The  advantage  of  the  Spiral  Mushroom  over  the  original  form  of 
construction,  lies  first  in  the  reduction  of  the  thickness  of  the  mat  of 
slab  steel  over  the  supports.  The  thickness  of  the  mat  of  slab  metal 
is  reduced  over  supports  to  two  layers  of  slab  rods  and  a  spiral  rod 
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which  »  generally  about  the  sise  of  the  slab  rodi.  There  are  accord^ 
ingly  only  three  thicknewes  of  steel  in  i^ace  of  five  layers  originally 
which  consisted  of  four  layers  of  slab  rods  and  the  larger  rings  when 
the  slab  steel  is  q>Uced  in  the  plane  of  the  belts.  The  distribution 
of  metal  all  along  the  saddle  back  areas  normal  to  the  column  lines 
reduces  the  compression  at  the  column  capital,  relieves  the  concrete 
_  of  horisontal  shears  in  vertical  planes  required  to  distribute  the 
bending  mcnnent  at  the  saddle  back  in  the  older  t>'pe  and  adds 
considerably  to  the  stiffness  and  greatly  to  the  toughness  of  the  slab 
as  a  continuous  plate. 

Comparing  the  distribution  of  metal  in  the  Spiral  Mushroom 
with  the  original,  the  areas  of  one  layer  of  metal  at  mid  span  on  the 
column  lines  in  the  original  are  eliminated  by  reinforcement  across 
the  panel  sides.  This  is  particularly  advantageous  in  wall  pands 
where  a  beam  runs  along  the  side  of  the  panel,  for  in  that  position  in 
the  older  construction  the  prater  cross  section  of  metal  in  two  layors 
at  mid  span  of  the  diagonal  favors  cylindrical  curvature  in  a  manntf 
avoided  by  the  localization  of  the  maximum  amount  of  metal  at 
mid  span  across  column  lines  in  the  new  construction.  So  much 
sj'nclastic  cur\'ature  about  the  diagonal  center  of  wall  panels  as  is 
essential  to  imitation  of  plate  action  undrr  unbalanced  loading  is 
hus  assured. 

The  advantage  secured  by  reducing  the  thickness  of  the  mat  over 
supports  in  the  new  construction  is  increased  by  the  fact 
that  the  reinforcing  metal  between  the  cantilever  areas  normal  to 
the  saddle  backs  is  double  efficient  operating  on  the  principle  of  the 
mat  as  was  not  the  case  in  the  older  type.  Again  the  considerable 
vortical  distance  apArt  of  the  bars  in  the  older  ty^pe  tended  to 
interfere  with  the  perfect  operation  of  the  metal  as  a  mat.  So  that  the 
advantagie  is  secured  that  checking  or  cracking  of  the  slab  because 
of  potBible  erroneous  cob  piling  is  eliminated  and  much  greater 
toui^uiesB  and  ability  to  withstand  over-load  is  secured  in  the  later 
improved  type  brought  alxiut  in  part  by  the  distribution  of  cocn- 
I»essive  stresses  more  unifonuly  along  the  bottom  edges  of  the  panels 
and  the  reduction  of  twistmg  shears  distributing  momeDts  along  the 


The  oblique  two  way  reinforcement  of  the  Spiral  MushnH>in  floor 
slabs  crossing  in  directions  parallel  to  the  diafooals  of  the  |mnels 
consists  of  belts  of  rods  in  the  bottom  of  the  slab  extending  from  mid 
span  to  mid  span  of  the  panel  sides  as  shown  in  Fig.  126,  where  tbey 
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together  with  the  side  belts  form  a  mat  of  considerable  stiffness  and 
rigidity  which  not  only  assists  in  bearing  the  tensile  stresses  at  mid 
span  of  the  sides,  but  by  increasing  the  stiffness  of  the  saddle  back 
areas  in  all  directions  affords  resistance  more  nearly  like  a  unitary 
structure  with  a  self-contained  '  system  of  stresses,  less  subject 
to  warping  and  bending  unsymmetrically  in  either  direction  than 
one  with  the  same  amount  of  steel  all  placed  in  parallel  relation.  This 
arrangement  tends  to  equalize  the  stiffness  of  the  saddle  back  with 
the  circumferential  cantilever  and  so  to  tie  them  both  together  as  to 
increase  their  efficiency  by  their  coaction  with  each  other. 

Not  only  is  far  greater  toughness  and  capacity  to  withstand 
unbalanced  loading  developed  by  the  new  arrangement  but  a 
most  remarkable  increase  in  rigidity  under  uniform  loads  is  also 
secured.  The  diagonal  bands  tend  to  equalize  the  anticlastic 
curvature  along  the  column  and  median  lines  and  to  oppose  elastic 
resistance  of  the  steel  to  the  stretch  of  the  concrete  matrix  as 
a  whole  thru  the  area  of  anticlastic  curvature. 

The  two  fold  increase  in  relative  stiffness  of  the  same  volume 
of  concrete  and  weight  of  steel  found  in  comparative  tests  of  the 
spiral  type  with  the  two  way  construction  designed  according  to 
the  Chicago  or  New  York  codes  is  thus  accounted  for. 

14.  Computation.  In  considering  the  cross  section  of  metal, 
that  over  the  cantilever  may  be  treated  as  a  mat  along  column 
lines.  That  in  the  top  of  the  slab  between  the  cantilever  edges  is 
to  be  treated  as  developing  only  the  equivalent  of  its  cross  sectional 
area  in  resisting  the  applied  moment  on  the  beam  principle  since 
there  is  no  circumferential  action  possible  in  the  saddle  shaped  por- 
tions of  the  slab. 

The  double  moment  of  inertia  of  the  entire  section  of  steel  in 
the  bottom  of  the  slab  is  to  be  counted  just  as  in  figuring  the  homo- 
geneous plate. 

In  the  ordinary  two  way  construction  about  .6  of  the  section 
at  the  median  lines  of  the  panel  may  be  doubled  in  figuring  the 
effective  moment  of  inertia  and  approximately  .7  when  the  four 
way  is  that  of  the  original  mushroom  type. 

Circumferential  squeeze  in  the  dish  shaped  areas  and  stretch 
in  the  saddle  portion  can  be  counted  on  to  reduce  the  steel  stress 
as  above  figured  approximately  one  fourth. 


k 


STEEL  RATIOt  OB 


15.  Steel  Ratios  and  Minimum  Thickness  of  Slab.  Since 
slabs  should  Ih'  so  tlcsigned  that  th«'  .st^^'l  would  yield  before  the 
concrete,  it  \»  iinixjrtant  to  detennine  how  large  a  percentage  of 
steel  may  be  intnxluced  without  passing  this  limit.  This,  however, 
is  dependent  upon  the  relative  thickne^  of  the  slab.  In  case  of  the 
continuous  slab,  the  ratio  of  the  depth  to  side  span  involves  some- 
what difft^rent  considerations  from  that  of  the  ordinary  beam  since 
the  minimum  thickness  of  the  slab  on  a  diagonal  span  is  relatively 
less  than  Is  permissible  in  beam  construction.  That  part  of  the 
thickness  of  the  slab  which  serves  as  fireproofing  and  which  is  con- 
stant for  any  given  size  of  rods  bears  a  greater  ratio  to  the  depth 
than  is  the  case  in  beam  construction.  Furthermore,  the  depth 
necessary  for  proper  embedment  over  the  .supix>rt  and  the  massing 
of  the  steel  at  the  support  reduces  the  effective  lever  arm  of  the 
steel  in  the  cantilever  to  j^,  which  reduces  it  to  a  relatively  greater 
extent  than  at  mid  span  where  the  eflfective  depth  becomes  j,d  as 
it  does  in  the  case  of  one  way  slab  construction  also.  This  reduc- 
tion in  effective  depth  for  fireproofing,  embedment  and  massing  of 
the  steel  is,  however,  a  constant  for  a  given  size  and  arrangement 
of  reinforcement  and  for  the  continuous  slab  it  is  found  that  we 
may  accordingly  take  this  con.stant  as  follows: 

2  "  for  3/8"    rod  reinforcoment  (or  smaller  sizes) 

2J"  «    7/16"    " 

2i"  "     1/2"     "  ** 

The  limiting  minimum  thickness  of  sUib  then  may  \n-  stutod  as 
L/48  plus  the  constant  just  tabulated  for  the  various  .sizes  of  rods. 

In  case  square  twisted  rods  are  used,  the  same  constant  should 
be  used  for  3/8"  square  twisted  as  for  1/2"  rounds,  and  for  1/2" 
square  twisted  the  same  constant  as  for  5/8"  rounds.  This  will 
give  a  satisfactory  minimum  thickness  of  slab  for  all  spans  of  this 
type,  L  being  the  longer  ilireet  distance  between  column  centers. 

For  s(|uare  panels  supported  on  beams  or  walls  at  the  edges,  the 
constant  for  the  various  sIm'  of  reinforcing  rods  should  l>e  one  inch 
less  than  that  tabulated  above,  and  the  minimum  thicluMM  taken 
m  L/48  plus  this  new  constant. 

Where  the  panel  b  rectangular  and  not  s(]uare,  and  supported  on 
the  sides  by  beams,  the  same  rules  will  hold  by  using  (a* +6*) /(a +6) 
in  place  of  L  for  the  span  of  the  square  panel,  in  which  a  and  6  are 
the  ttpvoB  in  the  two  directions  respectively. 
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Determination  of  reinforcement  required  in  slabs.  In  case  of  beams 
with  different  values  of  N  the  ratio  of  depth  to  span,  the  proper 
values  of  the  steel  ratio  p  were  obtained  in  Chapter  VI  page  166. 
In  ease  of  slabs  the  ratios  so  obtained  should  not  be  exceeded,  but 
in  reckoning  the  reinforcement  of  slabs  account  must  be  taken  of 
the  fact  that  the  steel  is  in  multiple  directions  so  that  the  reinforce- 
ment per  belt  will  be  only  a  fraction  of  the  total  permissible  steel. 

In  the  continuous  slab  with  four  way  reinforcement  and  Mush- 
room heads,  having  given  the  ratio  of  the  thickness  to  span  taken 
center  to  center  of  columns,  determine  the  percentage  of  steel  from 
the  diagram  for  beams,  page  166,  and  divide  this  by  2  to  find  the  limit- 
ing percentage  of  steel  for  each  belt. 

In  the  slab  with  two  way  reinforcement,  supported  on  columns, 
the  side  belt  may  be  made  a  little  heavier  than  in  the  four  way 
belt  type,  .6  of  the  percentage  given  for  beams  being  permissible. 

In  slabs  not  reinforced  with  a  supplemental  cantilever  frame, 
but  with  a  depressed  head  instead,  the  minimum  thickness  should 
not  be  less  than  the  minimum  thickness  allowed  for  the  former 
type,  but  the  steel  ratio  may  be  made  .55  that  for  beams  instead  of 
.5  which  is  permissible  with  mushroom  heads. 

In  square  slabs  supported  on  beams  or  walls  the  percentage  of 
steel  in  the  strip  occupying  the  middle  third  of  the  panel  each  way 
should  not  exceed  that  for  beams  of  similar  proportions  of  depth  to 
span.  In  case  the  panel  is  a  rectangular  panel,  the  percentage  of 
steel  should  not  exceed  that  for  square  panel  having  a  side  equal  to 
(a*  +  ¥)/(a  +  &)  which  we  have  previously  used  in  determining 
the  minimum  thickness  of  span  for  this  form  of  panel. 

With  the  above  interdependent  limitations  as  to  the  minimum 
thickness  and  maximum  steel  ratio  in  mind  the  designer  has  to  deter- 
mine how  far  in  any  given  design  he  shall  deviate  for  any  reason  from 
them.  By  making  N  smaller  and  the  slab  consequently  thicker  he 
will  be  able  to  reduce  the  deflection  to  such  figures  as  may  be  desired 
or  required.  But  wheoi  such  deviations  are  made  the  proper  rela- 
tionship between  steel  ratio  and  slab  thickness  is  still  to  be  deter- 
mined from  the  diagram  page  166  as  has  just  been  done  for  the 
case  of  minimum  thickness. 

16.     Increase  in  Depth  of  Slab  Required  for  Increase  of  Load. 

For  a  given  span  and  given  size  of  capital  the  moment  to  be  resisted 
increases  directly  as  the  load.  Now  were  the  area  of  the  steel 
increased  in  the  same  ratio  as  the  slab  thickness  the  resistance  of 
the  slab  would  be  increased  as  the  square  of  the  depth.    There- 


09 


101 


fore,  from  this  consideration  the  thicknees  would  increase  in  the  ratio 
of  the  Vir  in  which  w  would  represent  the  sum  of  the  dead  and  live 
loads  per  unit  area.  On  the  other  hand,  as  the  thickness  of  the  slab 
increases  relative  to  a  given  s))an  the  {X'rcentage  of  steel  tliat  it  is 
permissible  and  economical  to  use  also  increases  as  before  shown. 
Moreover,  the  amount  of  arch  action  increases  with  the  thickness  of 
the  slab  relative  to  a  given  length  of  span,  while  the  dead  weight  per 
square  foot  as  well  as  the  thickness,  increases  at  a  less  rapid  rate 
when  the  percentage  of  steel  is  increased,  so  that  the  simi  total  of 
these  variable  elements  renders  the  increase  in  net  thickness  or 
depth  of  the  slab,  from  the  center  of  the  steel  to  the  center  compres- 
sion fiber,  nearly  as  the  cube  root  of  tr,  a  conclusion  which  is  in  ac- 
cord with  good  practice  and  quite  different  from  the  Joint  Conunitte 
rule  that  the  depth  from  the  center  of  the  steel  to  the  top  of  the  slab 
should  increase  as  the  square  root  of  u*,  the  loading.  For  the  same 
load  per  foot,  as  the  span  increases,  the  bending  moment  for  a  given 
ratio  of  the  diameter  of  cap  to  the  span  length  increases  as  the  cube 
of  the  span,  and  since  the  resistance  of  the  concrete  and  metal  for  a 
given  percentage  of  steel  increases  as  the  square  of  the  depth,  the 
increase  in  thickness  of  the  slab  with  the  increase  in  span  for  the 
same  unit  load  should  be  directly  as  the  increase  in  span.  The  fire- 
proofing  should  be  the  same  for  each. 

Eddy,  Trans.  Am.  Soc.  C.  K.  \ol.  LXXXI  \^\^.  117:J,  gives  the 
following  formula  and  Table  for  d  the  distance  from  the  center  of 
the  steel  to  the  the  top  surface  at  mid  span: 

d—L — 7-2 —  inches;" effective  thickness 

L-span,  in  feet;  i9o"'live  load,  in  pounds  per  square  foot. 
Table  3.— Effective  Thickness  d  of  Flat  Slabs. 


SpM 

io  feet 

ITo-lOO 

200 

300 

400 

500 

600 

Differenees 

.14 

4.48 

6.04 

5.60 

6.16 

6.72 

7.28 

0.50 

16 

5.12 

5.76 

6.40 

7.04 

7.68 

8.82 

0.64 

18 

fi.76 

6.48 

7.20 

7.92 

8.64 

9.36 

0.72 

20 

6.40 

7.20 

8.00 

8.80 

9.60 

10.40 

0.80 

22 

7.04 

7.92 

8.80 

9.68 

10.56 

11.44 

0.88 

24 

7.68 

8.64 

0.60 

10.56 

11.52 

12.48 

0.96 

26 

8.32 

0.36 

10.40 

11.44 

12.48 

13.52 

1.04 

28 

8.06 

10.08 

11.20 

12.32 

13.44 

14.56 

1.12 

30 

e.eo 

10.80 

12.00 

13.20 

14.40 

15.60 

1.20 

32 

10.24 

11.53 

12.80 

14.08 

15.36 

16  64 

1.28 

DilfefeDeee 

0.64 

0.72 

0.80 

0.88 

0.96 

1.04 

UL 
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This  formula  gives  satisfactory  values  of  d  for  the  cap  diameters  of 
.2  the  span  length  but  requires  modification  and  adjustment  for  other 
ratios  of  cap  to  span  length  which  may  be  readily  determined  from 
the  relative  magnitude  of  the  coefficients  of  the  applied  moments. 
It  will  be  noted  that  these  thicknesses  follow  very  closely  the  above 
approximate  relations,  and  to  these  thicknesses  is  to  be  added  the 
necessary  fireproofing. 

17.  Size  and  Spacing  of  Rods  in  Flat  Slab  Construction.     The 

plate  action  which  we  have  been  treating,  brought  about  by  indirect 
stress,  depends  for  its  efficiency  upon  the  dissemination  of  the  steel 
throuhg  the  mass  of  the  concrete.  Large  rods  and  wide  "spacing 
should  accordingly  be  avoided.  Where  the  steel  percentage  is  very 
small  it  sometimes  happens  that  5/l6  or  3/8  inch  rods,  the  smallest 
practical  sizes,  will  be  spaced  as  far  apart  as  eight  inches  between 
centers.  While  reasonable  results  will  be  secured  with  such  spacing 
where  the  percentage  of  steel  in  the  belt  is  as  small  as  .22,  where  the 
percent  of  steel  is  larger  the  spacing  should  be  closer. 

One  of  the  common  errors  in  fiat  slab  design  is  the  use  of  such 
rods  as  l/2  inch  or  even  5/8  inch  from  eight  to  twelve  inches  be- 
tween centers  with  the  expectation  of  securing  results  in  keeping 
with  a  more  scientific  and  uniform  dissemination  of  metal. 

Half  inch  rods  should  not  be  used  in  slabs  thinner  than  twelve 
inches  at  the  columns,  nor  5/8  inch  rods  in  slabs  thinner  than  fifteen 
inches  if  the  best  results  are  to  be  secured. 

18.  Summary.  In  important  respects  flat  plate  theory 
diverges  so  widely  from  beam  theory  that  the  character  and  extent 
of  this  divergence  may  be  profitably  discussed  in  some  detail. 

Plate  action  requires  simultaneous  curvatures  of  orthogonal 
vertical  sections  both  at  panel  center  and  supports  that  do  not 
differ  too  widely  from  each  other  in  the  column  supported  slab, 
otherwise  the  theory  here  developed  becomes  inapplicable.  A 
reinforcement  of  crossed  rods  running  lengthwise  and  crosswise 
in  a  rectangular  concrete  slab  would  not  operate  as  a  mat  according 
to  plate  theory  if  the  slab  be  supported  on  opposite  sides  only;  one 
set  of  rods  only  would  then  be  under  strain. 

Limitation  of  the  narrow  dimension  of  a  panel  to  not  less  than 
five-eighths  the  long  dimension  recognizes  this  principle.  The 
combination  of  continuity  and  plate  action  is  possible  in  the  con- 
tinuous reinforced  concrete  plate  only  when  there  is  present  a 
relatively  uniform  crossed  rod  mat  of  reinforcement  both  in  the 
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tension  zone  at  the  top  of  the  slab  al>out  the  cohimnfi  and  at  the 
bottom  of  the  slab  about  the  diagonal  centers  of  the  panels.  Plate 
action  is  impossible  with  narrow  l)elts  of  roils  as  demonstrated  by 
stress  line  analysis  of  such  reinforcement  in  Fig.  P6. 

Continuity  is  interfered  with  in  square  or  rectangular  slabs 
supported  by  two-way  l)eam8  of  equal  strength  and  can  he  depended 
upon  but  for  a  very  small  increase  in  stiflfness  and  strength.  On 
the  other  hand,  if  the  8up|>ort  l>e  circular  and  the  slab  fully  restrained 
at  the  support,  fulfillment  of  the  same  conditions  as  for  the  column 
supported  slab,  develops  the  full  combined  efficiency  of  these  two 
kinds  of  resistance. 

With  uniform  mats  of  rods,  a  striking  similarity  appears  in  the 
stress  line  maps  of  the  homogeneous  and  reinforced  concrete  plates 
when  their  horizontal  compression  faces  are  compared,  but  in  the 
vertical  plane  that  wide  divergence  in  stress  distribution  is  found 
that  was  illustrated  in  the  comparative  analysis  of  homogeneous 
and  reinforced  concrete  l>eams  of  Sec.  II. 

In  the  continuous  column  supported  flat  .slab,  interference  of 
the  detnisions  of  horizontal  shears  in  horizontal  planes  occurs  in  a 
manner  characteristic  of  the  continuous  l)eam,  setting  up  dome 
action  in  the  plate  where  arch  action  is  caused  in  the  l)eam. 

Dome  action  in  common  with  plate  action  presents  circular 
and  radial  resistances  combined  and  hence  may  \>c  compared  and 
coordinated  in  the  same  manner  as  arch  action  and  simple  flcxural 
resistance  were  compared  in  S<*c.  II,  in  the  treatment  of  continuous 
beams. 

While  such  dome  action  is  measured  by  from  8  to  16'^  of  the 
whole  resistance  in  the  warehouse  slab  in  a  reinforced  plate,  for  a 
high  dam,  l)ecause  of  the  relatively  greater  thickness  to  span 
length  for  high  heads,  ita  importance  may  Ih>  thre<>  to  four  times 
as  great,  rendering  the  one  way  multiple  arch  structure  greatly 
inferior  in  economic  stability  to  the  c(»lumn  sup()orted  plate. 

The  continuity  of  the  column  sup|K>rted  slab  depends  in  part 
upon  the  stiffness  of  the  supporting  columns.  The  stiffness  of  the 
latter  decreases  with  the  cu\m'  of  the  length  and  increases  for  the 
same  per  cent  of  8te<>l  as  the  cubic  of  their  breadth  or  thickness. 
Frequently  designers  put  in  a  16-inch  column  for  a  roof  <leck  slab' 
costing  more  for  the  re<Iuced  diameter  of  form  than  the  extra  con- 
crete to  build  an  eight(*4Mi  inch  section,  with  its  enhancfnl  strength 
and  stiffness.  This  matter  will  lie  dealt  with  at  length  in  the  follow- 
ing chapter  for  which  the  rea<ler  is  indebted  to  Dr.  H.  T.  Echly  as 
also  for  his  joint  work  on  parts  of  the  two  preceding  chapters. 
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CHAPTER  XVI 
UNBALANCED  MOMENTS  IN  MONOLITHIC  FLOORS  AND  COLUMNS 

Introductory.  A  monolithic  reinforced  concrete  slab  floor  with 
its  column  supports  is  an  indeterminate  structure,  the  deformations 
due  to  bending  under  unbalanced  loads  being  distributed  between 
the  columns  and  the  slab  as  shown  in  the  accompanying  figure. 

Thus  the  panel  of  the 

n  n  n         slab  at  the  left  in  Fig. 

r^QQQCLbb  .jjQQaQCQJ=^    132  built  into  the  wall 

is  bent  downward  by  the 


Fig.  132 


load  on  that  panel.  The 
wall  furnishes  restraint 
at  that  end  of  the  panel 
as  does  the  column  above 
and  below  at  the  right. 
The  column,  restrained  at  the  footing  below,  is  bent  in  a  reverse  curve 
while  the  unloaded  panel  is  bent  upward.  The  next  panel  which  is 
loaded  is  bent  downward.  The  bending  of  the  column  in  each  case 
is  toward  the  unbalanced  load.  Like  bending  occurs  where  there 
are  beams  built  as  a  monolith  with  the  columns  in  place  of  the  slabs. 

Since  reinforced  concrete  buildings  are  indeterminate  structures 
the  resistance  to  applied  moments  arising  from  unbalanced  loads 
must  be  sub-divided  be^tween  the  slab  itself  and  the  supporting 
columns  according  to  their  relative  rigidities,  but  the  equations  for 
determining  these  resistances  on  the  principle  of  least  work  are  too 
complicated  for  practical  use.  A  more  simple  method,  that  is 
sufficiently  exact  for  practical  purposes  may  be  developed  as  follows : 

The  method  depends  in  the  first  place  upon  an  investigation  of 
the  properties  of  continuous  beams  which  are  also  indeterminate 
structures,  secondly  upon  the  investigation  of  the  action  of  unbalanced 
loads  independently  of  that  of  the  balanced  loads.  Since  flkt  slab 
floors  like  other  engineering  structures  are  regarded  as  elastic,  the 
stresses  due  to  separate  kinds  of  loading  such  as  balanced  and  im- 
'  balanced  loads  may  be  computed  separately,  while  the  total  actual 
deformations  will  be  the  algebraic  sum  of  the  component  deformations 
arising  from  these  separate  loads. 
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This  Chapter  will  treat  the  deformations  and  strenee  arising 
from  unbalanced  loads  alone,  assuming  that  a  separate  oomputi^ 
tion  of  balanced  loads  has  been  made. 

2.  Theory  of  the  Uniform  Continuous  Beam.  Consider  the 
action  of  unbalanced  loads  upon  a  lx»am  AB  Fig.  132  whose  weight 
is  to  be  neglected  because  its  weight  constitutes  part  of  the  balanced 
loads.  Assume  further  that  the  Span  0^1  —  L  is  free  from  unbalanced 
loads,  but  that  the  other  spans  may  have  unbalanced  loads  applied 
to  them  of  arbitrary  position  and  magnitude  and  such  as  to  cause 
the  span  OA  to  fulfill  the  conditions  that  will  be  required  of  it  at 
the  supports  O  and  A,  or  elsewhere.  The  first  of  the  conditions 
that  will  l)e  required  is  that  the  l>eam  shall  Ije  bent  in  such  a  manner 
as  to  tip  thru  a  certain  assigned  small  angle  v  at  0,  where  it  is  integrally 
joined  either  to  a  single  colunm  such  as  OD  below  ^  B,  or  to  two  col- 
umns OD  and  OC,  one  Ijelow  and  the  other  above  AB. 

In  reality  the  fore-  t 

going  requirement  em-  ^^ 

braces  two  conditions        ^ Jt, 

at  once,  viz.,  one  is  the  ^<Z^I^2ZI^^ 

pinning  of  the  beam  to 

the  support  0  r^^rd- 

less  of  its  tUrection  at  ^  »** 

that  point,  and  the  other  is  restraining  it  at  the  fixed  slope  v  at  O. 

Let  a  second  requirement  be  that  the  beam  l)e  also  pinned  to  the 

support  A  either  with  or  without  rt»straint  as  to  direction,  as  will  be 

stated  later.     All  these  conditions  and  restraints  will  l)e  brought 

about  by  loads  such  as  P  situated  in  spans  at  the  right  and  left  of 

AO  and  by  integral  connect ioitn  with  columns,  etc.     I^t  the  tipping 

of  the  beam  at  O  thru  the  angle  v  be  regardctl  as  prtxiuctHl  by  the 

application  of  the  moment  Mi  in  the  beam  just  at  the  left  of  0, 

which  at  the  same  time  will  cau.se  the  colunm  or  columns  integoU 

with  the  beam  at  O  to  lM>come  indimHl  to  the  vertical  at  the  same 

angle  v  by  which  the  lM>am  is  made  to  incline  from  the  horizontal  at  O. 

Thi.«i  applied  moment,  A/|  may  tx>  taken  as  due  to  unbalanceti 
kwds  P  at  the  left  of  ()  and  redaction  at  0.  The  moment  .U|  is  held 
in  equilibrium  by  the  r(>Histing  moments  Aft  uid  M4  in  the  columns 
below  and  al)ove  O,  assisted  liy  A/a  the  resisting  moment  in  the  (tart 
of  the  beam  immediately  at  the  right  of  O,  Hence, 

.v,-.v,+  Ar,-f  Af^.^.- (1) 

is  the  equation  of  equilibrium  of  the  applied  and  resisting  moment 
called  into  play  at  O  by  the  unbaUmced  load.     It  should  Iw  speeially 
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noted  that  since  no  tipping  of  the  beam  whatever  can  be  produced  at 
0  by  any  balanced  loads,  v  depends  solely  upon  the  unbalanced  part 
of  the  total  load,  and  will  be  unchanged  whether  a  balanced  load  is 
present  or  absent,  because  in  an  elastic  stnicture  the  independent 
deformations  are  merely  superposed  on  each  other.  The  same  is 
true  at  every  support  and  at  mid  span  between  supports,  but  at  all 
other  points  the  inclination  will  depend  both  on  the  balanced  and 
the  unbalanced  loads. 

Apply  to  the  span  OA  the  known  general  theorem  that  the  sura 
total  of  the  numerical  values  of  the  positive  bending  moment  at  mid 
span  added  to  one  half  the  sum  of  the  numerical  values  of  the  nega- 
tive moments  at  the  ends  is  equal  to  the  constant  IwL^  when  w  is 
the  uniformly  distributed  load  per  unit  of  span.  In  this  case  w  =  0, 
hence 

Mo-UMs+MjJ^O (2) 

in  which  M^  is  the  positive  moment  at  mid  span,  M^  and  Ma  are 
the  negative  moments  at  0  and  A  respectively.  These  moments 
are  not  due  to  the  balanced  loads  in  any  way  whatever,  but  are  the 
parts  of  the  total  moments  at  these  points  due  to  the  unbalanced 
loads  alone.  The  total  moments  will  be  obtained  by  adding  to  these 
the  moments  due  to  the  balanced  loads. 

In  order  to  investigate  the  moments,  the  slope,  and  the  deflec- 
tions occurring  in  the  span  OA  which  are  due  to  unbalanced  loads  in 
spans  other  than  OA,  let  M  be  the  bending  moment  at  any  cross 
section  of  the  span  OA  situated  at  a  distance  x  from  0,  then 

M  =  eA  =  Rx-{-  Ms (3) 

in  which  R  is  the  reaction  at  0,  or  the  shear  in  a  cross  section  im- 
mediately at  the  right  of  0. 

Integrating  (3)  we  have 

EI^  =  iRx^+  MsX-\-  C. -.(4) 

dx 

butatO,  x  =  0,      ^  =  v,      orC  =  EIv (5) 

dx 

Substituting  this  in  (4)  and  integrating,  we  have 

EIy  =  Rx^/Q+  hMsx\-\-  EIvx+  C ----(6) 

At  0,  a:  =  0,    ^  =  0,  hence  C'  =  0 

Where  x  =  L,    y  =  0,  hence 

^RL^'-h  iM^L-j-  dEIv  =  0 (7) 
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These  equations  exprras  relations  that  hoUl  true  for  all  degrew 
of  restraint  at  .4  such  as  would  Ik*  produced  either  by  fixing  the  btWD 
at  A  at  any  given  inclination  to  0.4,  or  by  appl>nng  any  aangned 
bending  moment  to  the  beam  at  .4  or  at  any  other  given  point  of 
OA.  This  is  evident  because  with  (7)  given,  and  either  the  slope 
;^  or  the  moment  3/  given  at  some  known  point  of  the  span  dis- 
tant X  from  O,  the  detennination  of  .V3  in  terms  of  the  kntmii  in- 
clination r  would  follow  from  eliminating  R  between  (7)  and  either 
(3)  or  (4). 

1st    For  example  at  x— L,  let  —  « — r,  then 

dx 

by  (4)  -Ji7r=  §/?L'-|-  Af,L+  Eh 
Hence  by  (7)  and  this  equation  we  have 

Mi^—2Eh/L   (8) 

In  this  case  A  =  0,  and  M  has  the  constant  value  .V3  at  all  values 
of  X  and  hence  the  beam  is  bent  in  the  arc  of  a  circle,  and  the  sum 
of  the  Ijending  moments  at  0  and  A  is  .V3  +  3/4  =  AEh/L.  These 
conditions  could  be  brought  about  most  reatiily  by  equal  loads 
symmetrically  situatecl  in  the  spans  at  the  right  and  left  of  the  span 
OA. 

2nd  At  ar  =  L,  let  .\/  =  0,  in  which  case  the  beam  terminates 
at  A  where  it  is  simply  pinned  to  the  8Upix)rt,  m  that  it  is  free  to 
assume  any  direction  at  that  point  compatible  with  the  slope  r  at 
O.    Hence  by  (3) 

0=/?L  +  .1/3,  or  R'—Mt/L 
Substitute  this  in  (7),  hence 

Mt'^—RL'-^EIv/L. (9) 

id  fnnn  (4)  we  find  the  slope  at  ^4  is  — \v. 
3rd    At  x«L  let  ^>bO,  in  which  case  the  beam  is  built  in  or 
fixed  horiron tally  at  A.    Then  by  (4)  0-|i8L'+  AfjL-l-  Eh  which 
combined  with  (7)  gives  for  this  case 

Mt'-AEh/L   (10) 

R'^h/LJ^—\SU/L 
While  by  (3)  the  bending  moment  at  ^  is 

In  this  case  by  (3)  we  find  that  Af -0  at  x^—Mi/R»\L.  But  by 
(9)  and  (10)  M^  is  in  this  caae  the  nine  as  in  a  beam  simply  pinned 
at  a  point  distant  ]/.  from  0,  becauw  if  the  l^agth  from  O  to  ^  is 
(8)  be  made  equal  to  \L  we  get  the  value  of  Mt  given  in  (9). 
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Furthermore  we  find  in  this  case  by  (6)  that  at  x  =  2L/3  we  have 
y  =  2vL/27,  which  is  the  elevation  of  the  point  where  3/  =  0  above 
the  horizontal  line  OA.  By  (3)  the  positive  bending  moment  at 
A  is  M^  =  2EIv/L. 

Other  cases  may  be  treated  in  a  similar  manner  with  results 
which  have  been  given  for  convenience  of  comparison  in  the  follow- 
ing table  in  which  either  the  moment  at  A  where  x  =  L,  or  the  slope 
at  that  point  may  be  given.  With  either  one  given  the  other  pro- 
perties of  this  span  OA  of  the  beam  become  completely  known  as 
already  explained,  and  we  have  values  such  as  are  given  in  the  table. 


TABLE  OF  END  MOMENTS  AND  SLOPES,  ETC.,  OF  AN   UNLOADED 
SPAN  OA  WHEN  THE  END  SLOPE  (g)  =  y   IS  GIVEN,  AND  EITHER 

(-) 


=L)  {x=L) 


IS  ALSO  GIVEN. 


^dx 


(x=o) 


M 


(x  =  o) 


M 


ix=L) 


M 


(x=hL) 


R 


(x  =  L) 


{M  =  o) 


X 


{m  =  o) 


1 
2 
3 
4 
5 


2EIvlL 
-ZEIv/L 
-AEIv/L 

hEIv/L 
-&ETv/L 


-2EIv/L 

0 
+  2EIv/L 
+  AEIv/L 
+  &EIv/L 


-2EIv/L 

■^/2EIv/L 
-EIv/L 
-hEIv/L 
0 


0 
3EIv/L2 
6EIv/L2 

9EIv/L2\   +^v 
UEIv/L^l   +v 


0 


0 

-iv 

-I" 


L 
|L 


The  usual  conditions  fulfilled  by  a  continuous  beam  which  has  an 
unbalanced  load  on  a  single  span  only,  such  as  OB,  are  represented 
by  the  values  in  cases  2  or  3,  or  some  intermediate  values  dependent 
upon  some  degree  of  restraint  at  A  between  perfect  freedom  of  mo- 
tion, i.  e.  Ma.  =  0,  and  perfect  horizontal  restraint,  i.  e.  (^)  =  0  at  the 
point  where  x  =  L. 

In  case  the  continuous  beam  is  integral  at  A  with  columns,  or  is 
restrained  by  other  parts  of  the  structure,  that  will  cause  the  beam 
to  approach  more  or  less  closely  to  case  2. 

The  same  considerations  hold  respecting  the  columns  OD  and 
OC  below  and  above  0  as  apply  to  the  span  OA  at  the  right,  viz.: 
the  ends  of  the  columns  away  from  0  will  in  general  have  a  degree 
of  restraint  that  is  nearly  perfect  either  by  their  footings  or  junctions 
with  other  parts  of  the  structure,  and  they  may  be  assumed  without 
appreciable  error  to  require  the  same  coefficient  b  intermediate  be- 
tween — 3  and  — 4  in  expressing  their  resisting  moments  at  0,  as  does 
OA,  i.  e  where  x  =  0. 
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M^bE  I  r/L.__ ai) 

is  an  f^uation  which  applies  t<i  either  of  the  n^sisting  meml>erH  at  O 
in  case  s«uital>le  values*  Im*  iwcrilMMi  to  /  ami  L  in  each  niemlxr,  while 
common  values  of  6  and  v  apply  to  all  of  thrm. 

Now  uxing  the  .subiurripts  previously  employe<l  to  dt^tinguLsh  the 
•M'veral  menilM»n<  that  meet  at  (),  viz.,  1  for  the  beam  at  the  left,  3 
for  that  at  the  right,  2  for  the  column  lielow  and  4  for  that  aliove 
AB,  we  hence  have  by  (1)  and  (11) 


I3/L3 


l-'r 


with  similar  expressions  for  M-,/Mi  and  M^/Mx.  These  mcpresBions 
will  show  how  the  applieil  moment  3/j  is  subdivided  among  the  re- 
jiisting  moments  of  the  columns  and  span  OA  in  case  the  structure  is 
of  homogeneous  materials.  In  case  of  composite  matirials  the 
formula  will  not  be  quite  so  simple  l)ecau8e  it  will  not  U'  poHsible 
to  cancel  a  c*)mmon  value  of  E  from  both  numerator  :iinl  denominator, 
as  has  been  done  in  (12). 

In  case  of  a  deck  slab  the  column  above  O  is  al>8ent,  and  in  that 
case  /^"O  in  (12).  For  any  given  or  assumed  value  of  the  applied 
moment  Mi  the  effect  of  the  alwvnce  of  OC  from  the  structure  is  to 
increase  lx)th  M2  and  3/3,  since  the  removal  of  OC  causes  a  loss  of 
rigidity  which  obliges  the  n*maining  parts  to  furnish  the  entire  re- 
sistance instead  of  merely  a  fraction  of  it.  For  example,  were 
It/L2'WU'h/L^  in  (12)  then  would  A/^-A/a-^V*- J.V|. 
But  were  /<»0  and  li/Lfh/E^  then  A/,-.Va- J.V,.  In  like 
manner  were  the  lx>am  to  end  at  (),  and  not  extend  into  the  span 
OA,  then  /3-O  and  the  entire  applie<t  moment  A/i  must  be  raNsted 
by  the  columns  with  which  it  is  integral  at  O,  so  that  Afj  and  Af^ 
would  Ih"  niu<h  in(r('jis<Hl  then*by. 

The  ca.H4>  that  was  considered  in  what  has  preceded  is  one  in 
which  the  .name  degree  of  restraint  is  assumed  to  exist  in  Iwth  the 
columns  and  in  the  beam  at  the  extremeties.  designAted  by  X.  In 
case,  however,  where  the  beam  terminates  tl  A  and  lAerely  rests 
upon  a  support  at  that  point  while  the  en<is  of  the  columns  distant 
from  O  are  built  in  so  as  to  remain  nearly  fixed  in  direction  it  is 
evident  from  comparison  of  (9)  and  (10)  that  we  must  repboe  /» 
in  (12)  and  the  similar  equations  by  4/a/3,  a  reduction  of  rigidity 
of  OA  that  will  make  Mt  lest,  and  both  Afa  and  Af 4  lander,  than  in 
the  previous  case. 
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3.  The  Moments  and  Deflections  in  a  Single  Uniformly  Loaded 
Span  of  a  Continuous  Beam.  Let  the  span  OB  be  assumed  to  be 
of  length  equal  to  OA  =  L.  Let  it  be  uniformly  loaded  with  an  un- 
balanced load  of  w  per  linear  imit,  so  that  it  constitutes  the  middle 
one  of  three  equal  spans  on  four  symmetrical  supports,  and  other- 
wise the  continuous  beam  is  supposed  to  be  symmetrical  in  all 
particulars  to  the  right  and  left  of  the  center  E  of  the  span  OB, 
there  being  no  loads  upon  the  end  spans. 

The  differential  equation  of  the  neutral  axis  of  OB  in  case  the 
origin  is  taken  at  0  and  x  is  measured  to  the  left  is 

72  "      . 

EI^,  =  Mi-\-^wLx-^wx^ 

in  which  Mi  as  previously  is  the  bending  moment  just  at  the  left  of 
0.     Integrating  we  have 

EI^=MiX+  \wL  x^—wxYQ  +  C 
dx 

dv 
At  0,  x  =  0,  3ind  —  =  v,  hence  C=EIv 
dx 

dv 
At  E,  x  =  \L,  and  —  =0,  hence 
dx 

24 
Hence  by  eliminating  v,  we  have 

TiTdy       ,,  ^     nr   r     ,     wLx^        WX^        wL^ 

EI  —  =Mi  X  -\  MiL -\ 

dx  4:  Q  24: 

TIT       Mir    2     \  Tiir  T     1   w-^a;^     wx^     wl?x  ,   ^, 

or  Ely  =  \MxX^ -\MxLx-\ +  C' 

^     '  12        24         24 

At  0,  x  =  0,  and  t/  =  0,  hence  C'  =  0. 

At  E,  x  =  \L,  and  y  =  y^,  hence  EIy^=-\Mxl?-  — - 

oo4 

From  this  equation  the  central  deflection  y^  may  be  calculated 
for  the  several  different  values  of  the  applied  unbalanced  moment 
Ml  that  occur  by  reason  of  different  assumed  degrees  of  restraint 
at  the  supports,  etc.  These  different  values  of  Mx  as  well  as  those 
of  ikfc  i^ay  be  determined  when  the  restraints  at  the  supports  are 
given,  for  the  value  of  M^  will  be  found  by  the  theorem  of  three 
moments  and  then  M^  from  the  equation 
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The  results  of  the  application  of  the  theorem  of  three  momento 
our  equation  for  central  deflections  to  three  pertinent  caaet  is 
''as  follows: 

Case  1.    Beam  fixed  horizontally  at  both  B  and  O 
wL* 


12  24  384 


0.0026  wL\ 


Case  2.     Beam  fixed  horizontally  at  end  support  A  and  the  other 
end  support  but  free  to  tip  at  B  and  O. 


18  14.4 


£/yc  — 


7wL* 
1152 


-0.0061  irL* 


Case  3.    Beam  pinned  but  free  to  tip  at  all  four  supports. 

3/,  s 3/  s= Elye  =  —  =  0.0068  wL\ 

20  40  1920 

It  is  to  be  noted  that  the  deflection  in  the  second  case  is  two  and 
one  third  times  that  in  the  first  case  by  reason  of  the  retluced  rigidity, 
and  by  reason  of  the  further  re<luct ion  of  the  rigidity  in  the  third 
case  the  deflection  is  increased  to  2.6  times  that  in  the  first  case. 
We  may  say  then  that  lack  of  firm  restraint  by  the  columns  at  the 
ends  of  the  span  BO  will  in  general  more  than  doul>le  the  central 
deflection.  Such  lack  of  firm  restraint  may  be  due  either  to  lack  of 
integral  connection  between  colunms  and  beam  or  to  the  small 
moment  of  inertia  in  the  colunms  themselves  as  compared  with  that 
of  the  Ix'am. 

4  t'nbalanced  Loads  on  a  FkM>r  Resting  on  a  Rectangular 
System  of  Continuous  Girders  Integral  with  its  Supporting  Columns. 
Siiptx)se  continuous  beams  lx>th  lengthwise  and  crosswise  of  the 
floor  between  columns,  then  in  addition  to  the  resistances  previously 
considered  as  acting  at  O  in  a  continuous  beam,  any  applied  moment 
Ml  will  be  resisted  by  twisting  moments  Mi  and  M^  in  the  cross 
beams  extending  horizontally  away  from  0  in  each  direction  at  ri{^t 
angles  to  AS.  Each  of  these  moments  of  resistance  will  be  of  Um 
form 


M^-ifPJ/L.. 


.(13) 


in  which  F-mwlulus  <jf  ehwticity  for  shearing,  7 —  polar  moment  of 
inertia,  and  L  -  effective  length  of  cross  beam  from  0  to  the  fixcHl  end, 
while  the  ani^  of  twist <-p,  the  indination  at  O  of  the  columns  and 
longitudinal  beams  dtie  to  the  applied  moment  Mi. 
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We  shall  then  have  by  reasoning  like  that  previously  employed 
respecting  (10) 

Mi  =  Af2+  iW3+  M4+  3/5+  M^ (14) 

M^^ FJ,/4ELs .j^. 

Ml    I2/L2  +  73/L3  +  h/L,  +  {J,/L,+J,/L,)F/4E 
with  a  similar  expression  for  Mq/Mi. 

The  expressions  for  M3/M1,  M2/M1  and  M4/M1,  will  have  the 
same  nmnerators  as  in  (12)  etc.,  and  the  same  denomenator  as  in  (15) . 

In  case  any  of  the  members  here  considered  are  absent,  the  values 
of  the  moments  of  inertia  of  those  members  are  to  be  placed  equal 
to  zero  in  all  these  expressions,  just  as  has  been  done  in  the  previous 
part  of  this  treatment.  It  is  to  be  noticed,  since  moments  are 
directed  quantities,  that  the  transverse  moments  are  independent 
of  the  lengthwise  moments  and  that  the  twisting  moment  in  an>' 
beam  is  independent  of  its  bending  moment. 

The  effect  of  the  twisting  resistance  of  cross  beams  is  to  increase 
the  rigidity  of  the  structure  and  to  decrease  the  bending  moments 
at  0  in  the  columns  and  in  the  span  OTi. 

It  should  be  noticed  that  no  twisting  deformation  may  be  pro- 
duced when  both  ends  of  a  transverse  beam  are  twisted  thru  the 
same  angle,  as  is  the  case  when  a  bay  of  panels  side  by  side  are  each 
loaded  with  equal  unbalanced  loads.  The  case  treated  in  (14)  and 
(15)  is  that  of  an  unbalanced  twist.  A  live  load  placed  upon  a 
single  panel  of  such  a  floor  with  0  at  the  one  comer  of  the  panel 
would  not  cause  twists  in  any  of  the  four  beams  at  the  edges  of  that 
panel,  but  would  cause  twists  in  all  the  other  eight  beams  radiating 
from  the  comers  in  case  the  floor  is  assumed  to  be  merely  supported 
upon  them.  In  case  the  beams  are  integral  with  the  floor  the  tipping 
of  the  floor  at  the  panel  edges  will  twist  the  beams, 

5.  Flat  Slab  Floors.  The  foregoing  investigation  may  be  applied 
with  suitable  modifications  to  the  unbalanced  moments  in  a  flat 
slab  floor  integral  with  a  rectangular  array  of  supporting  columns; 
as  for  example  where  there  is  no  unbalanced  load  to  the  right  of  an 
entire  transverse  row  of  colunms  such  as  CD  one  behind  another 
across  the  entire  width  of  the. floor  while  the  unbalanced  load  at 
the  left  of  this  row  is  so  situated  as  to  make  the  applied  bending 
moments  equal  to  each  other  in  the  several  panels  of  the  bay  just 
at  the  left  of  the  row  CD.  In  such  a  case,  it  is  evident  that  the  entire 
floor  or  either  of  the  bays  or  strips  of  panels  at  right  angles  to  this 
crosswise  row  of  columns  CD  constitutes  a  continuous  beam  and  1 2 


I 
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may  be  taken  to  designate  either  the  sum  of  the  momentn  of  inertia 
of  all  the  columns  such  as  OD  in  the  row  below  the  floor,  and  /^  the 
sum  of  those  al>ove,  in  the  entire  width  of  the  floor,  while  I3  is  the 
moment  of  inertia  of  a  section  extending  the  entire  width  of  the 
floor  just  at  the  right  of  this  double  row  of  columns,  or  otherwiae, 
/a  and  /<  may  be  used  to  designate  the  moments  of  inertia  of  the 
single  coliuims  respectively  of  this  double  row,  and  1 3  that  of  a  single 
panel  width  of  the  floor.  This  latter  meaning  will  be  en»pIoyed  in 
this  cliapter  so  that  I2  and  /<  will  each  refer  to  a  single  colunm  l)elow 
or  above  the  slab,  and  I3  to  a  single  panel  width  of  the  floor.  Ekjua- 
tion  (12)  may  the»i  be  applied  among  other  cases  to  the  unbalance<l 
moments,  per  panel  just  at  the  right  of  a  single  transverse  bay  of 
panels  extending  across  the  entire  width  of  the  floor  when  the  bay 
is  uniformly  loaded.  Designate  these  unbalanced  moments  per 
panel  as  longitudinal.  The  transverse  moments  along  the  uniformly 
loaded  transverse  bay  considered  as  a  Ix'am  are  balanceii  and  are 
greater  than  the  lateral  unbalancwl  moments  that  would  occur  after 
the  removal  of  the  uniform  load  from  any  of  the  panels  of  tlv  tr^n<. 
verse  bay. 

When  every  panel  in  each  transverse  \my  or  aisle  across  the  width 
of  the  floor  parallel  to  the  row  of  columns  CD  is  loade<l  alike,  altho 
the  several  transverse  bays  may  viot  be  loaded  in  the  same  manner, 
no  unbalanced  twists  arc  produced  al>out  any  line  across  the  floor, 
but  if  the  panels  are  not  loaded  alike  in  any  given  transverse  bay 
then  such  twisting  moments  are  called  into  play  within  the  bay  and 
adjacent  bays  as  to  reduce  to  some  extent  the  longitudinal  momenta. 
In  any  such  case  equations  (15)  are  to  l)e  applied  and  in  them  JjjLi, 
and  y«/Lft  refer  to  panels  of  the  bay  from  which  loads  have  been 
removed.  In  case  of  partial  n'moval  of  panel  loads  such  fractions 
only  of  the  just  mentiom**!  quantities  are  to  be  introductnl  as  are 
equal  to  the  fractions  of  the  panel  loads  removtnl,  so  that  when* 
none  is  removed  these  quantities  do  not  appear. 

There  is  one  modification,  however,  that  must  be  made  in  apply- 
ing equations  such  as  (15)  to  a  continuous  flat  slab  floor  by  reaaon 
of  the  fact  that  these  equations  as  originally  obtaine<i  rt>fent*d  to 
twisting  moments  in  beams  which  were  unrestrained  at  any  points 
between  their  endst  so  that  the  twisting  moment  M%  or  M^  which 
was  applied  at  the  end  O  was  transmitted  laterally  to  the  oth<>r  end 
undiminished  by  any  intermediate  restraint  or  btuiding  niomejits 
acting  upon  its  sides.  But  this  is  not  the  case  in  a  (continuous 
floor  slab,  because  any  twist  develops  bending  resistaDoes  near  0 
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across  the  sides  of  the  crosswise  trip  which  undergoes  twisting,  such 
resistances  being  distributed  along  those  sides  for  some  indefinite 
distance  dependent  upon  the  rigidity  of  the  slab.  The  practical 
effect  of  this  is  to  increase  the  resistance  of  the  slab  to  bending.  It 
thus  appears  that  the  final  result  in  the  case  of  the  fiat  slab  may  be 
expressed  correctly  by  (12)  and  similar  equations,  without  the 
introduction  of  any  polar  moments  of  inertia  J  of  the  strip,  provided 
the  value  of  the  moment  of  inertia  I^  be  somewhat  increased  to  in- 
clude a  section  of  somewhat  more  than  a  panel  in  width.  For  pur- 
poses of  design  no  such  modification  need  be  made,  because  larger 
values  of  the  resisting  moment  M^  and  M^  and  71^4  will  be  .found, 
when  the  floor  is  so  loaded  that  no  twisting  moments  exist,  than 
will  be  found  after  the  removal  of  any  part  of  the  load.  The 
greatest  unbalanced  bending  moments  M2  and  ilf  3  and  M^^  occur 
under  the  same  circumstances  of  longitudinal  loading  as  in  case  of 
continuous  beams. 

It  is  therefore  unimportant  to  consider  the  twisting  moments 
that  may  occur  in  interior  panels,  excepting  those  that  occur  regu- 
larly in  each  panel  with  balanced  as  well  as  with  unbalanced  loads. 

The  manner  in  which  that  total  moment  along  the  edge  of  the 
panel  is  resisted  depends  upon  the  relative  rigidities  of  the  cross 
section  at  that  edge.  If  no  reinforcing  steel  is  placed  in  the  top  of 
the  slab  near  mid  span,  as  is  frequently  the  case,  the  position  of  the 
applied  moment  for  this  part  of  the  edge  produces  twisting  moments 
that  transfer  that  portion  of  the  applied  moments  toward  the  columns 
to  points  where  the  resistance  of  the  side  belts  over  the  column  heads 
affords  the  required  resistance. 

Deck  floor  slabs  are  also  included  as  a  special  case  of  the  forego- 
ing theory  by  making  74  =  0.  In  deck  slabs  the  loss  of  rigidity  due 
to  absence  of  columns  above  the  slab  brings  more  of  the  applied 
moments  to  bear  upon  the  remaining  members  in  the  same  manner 
as  was  noted  in  the  case  of  beams. 

It  is  to  be  specially  noted  that  in  (12)  and  similar  formulas  the 
column  lengths  have  a  very  important  influence  such  that  for  spans 
of  20  feet  or  less  and  for  column  lengths  of  10  feet  or  thereabouts  the 
unbalanced  moments  in  the  lower  floors  of  high  buildings,  where  I2 
and  74  are  necessarily  large,  are  largely  resisted  by  the  columns,  while 
for  deck  floors  expecially  those  upon  tall  columns  the  columns  fur- 
nish comparatively  little  resistance  to  the  unbalanced  applied  mo- 
ment which  last  is  resisted  almost  entirely  by  the  slab  itself  with  little 
assistance  from  the  columns.     As  before  stated,  the  unbalanced 
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Its  here  considered  are  those  arudng  from  unl>alaiiced  loads, 
and  a|iii  addition  to  those  arising  frcun  8>'mmetrical  loads  or  those 
uniformly  distributed  on  all  the  panels. 

6.  >\'all  Panels.  Any  loading,  whatever,  even  the  dearl  weii^t 
of  the  floor  itsi'If,  i.s  an  unbalanced  load  in  this  case  and  pnxluces 
an  applied  moment  at  the  exterior  wall  which  can  be  resisted  by  the 
slab  only  by  cooperation  with  the  wall  columns  or  the  restraint  of 
the  walLs  themselves  where  the  slab  is  built  integrally  therewith. 
^^'herc  the  wall  columns  are  sufficiently  rigid  the  wall  panel  might 
l>e  practically  restrained  at  the  wall  column  but  in  the  construction 
of  the  wall  ])anel  the  building  of  the  slab  into  the  wall  or  its  integral 
connection  with  the  wall  l^eam  renders  its  deflection  between  columns 
along  the  wall  negligible.  It  therefore  tends  to  induce  a  diflferent 
;ur\'aturt*  in  wall  panels  from  that  wliirh  fwrurs  in  interior  panels. 

L'nder  the  principk-s  demonstrate<l  in  Chapter  XV',  See's  2  and  3 
the  advantageous  operation  of  radial  and  circular  stresses  depends 
upon  double  curvature.  Now  the  straightening  out  or  the  elimina- 
fion  of  tlu'  side  deflections  lx*tween  colimms  along  the  wall  tends  to 
nultu'e  rylnidrical  rur\'ature  unless  the  difference  in  rigi<lity  on  the 
four  sides  of  the  panel  is  so  equalized  that  equivalent  relations  are 
raaintaimni.  In  the  older  t>'pe  of  Mushroom  construction,  the  half 
head  of  the  wall  column  and  its  radial  l>ent  out  column  rtnls  an> 
depen<led  upon  to  shorten  the  span  between  the  wall  column  and  the 
int<*rior  column  and  maintain  sufficient  rigidity  iH^tween  the 
columns  an<l  interior  colunms  so  tliat  the  operation  of  the  slab 
would  be  practically  the  same  as  in  interior  panels.  The  elimination 
the  rigid  frame  work  of  the  si)ider  column  head  in  flat  slab  designs 
rten  met  with  lias  prcnluced  a  s))eoial  weakness  in  the  wall  {tanels 
of  such  floors  and  a  tendenc>'  to  deform  in  cylindrical  rather  than 
dish  shaped  curvature. 

The  most  scientific  manner  of  trf>ating  wall  panels  is  to  increase 
the  rigidity  of  the  sides  of  the  panel  normal  to  the  wall  so  that  ibctir 
de6ection  will  be  a  mean  between  the  deflection  of  the  edge  between 
the  interior  columns  and  that  on  the  wall  side,  which  is  of  negligible 
amount.  This  is  accomplished  to  a  Utrge  extent  in  the  Spiral  System 
by  the  diagonal  baiKiB  which  are  supplementtHl  by  additional  rods 
in  the  wall  panels  and  by  additional  direet  hmIs  thereby  increasinf 
the  total  metal  from  twenty  to  twenty-five  jH-rcent  in  the  sides  of 
the  panel  normal  to  the  wails  over  that  of  the  interior  sid(>  {utrallel 
to  the  wall.    By  this  means  wall  panels  develop  substantially  the 
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strength   of  interior   panels,  when  the  rigidity  of  the  wall  columns 
has  been  so  proportioned  that  adequate  restraint  is  secured. 

7.  Moments  of  Inertia  of  Flat  Slab  Floors  and  Supporting 
G)luinns.  In  attempting  to  calculate  the  numerical  values  of  /,  etc. 
there  ar'e  several  particulars  in  which  the  moments  of  inertia  of  flat 
slabs  are  not  entirely  uniform  thruout  the  spans  from  column  to 
column,  The  largest  deviation  from  uniformity  is  due  to  the  cus- 
tomary large  increase  of  steel  (and  frequently  of  concrete  also)  at 
and  around  the  column  heads.  It  is  usual  to  take  account  of  this 
by  making  a  suitable  change  in  the  length  of  the  span  by  assuming 
the  effective  length  of  the  span  to  be  reduced  to  some  85  percent 
perhaps  of  the  actual  distance  between  column  centers.  Now  the 
column  length  suffers  a  similar  reduction  by  reason  of  its  capital. 
The  effect  of  these  two  simultaneous  reductions  upon  (12)  and  similar 
equations  is  largely  to  neutralize  each  other,  consequently  this 
effect  may  be  neglected  without  material  error. 

So  far  as  the  moment  of  inertia  of  the  rest  of  the  panel  except 
the  column  heads  is  concerned  it  will  be  possible  to  assign  an  outside 
value  to  it  large  enough  to  include  all  the  resistance  it  exerts  by 
assuming  that  every  part  of  the  area  of  the  panel  is  entirely  covered 
on  its  tension  side  by  two  layers  of  crossed  rods  spaced  at  the  same 
average  distance  between  centers  as  those  in  the  several  belts  of 
slab  steel.  If  these  crossed  rods  are  sufficiently  near  each  other  to 
make  a  fine-grained  reinforcement,  as  they  are  when  the  distance 
from  center  to  center  of  rods  is  somewhat  less  than  the  thickness  of 
the  slab,  then  its  action  in  conjunction  with  the  concrete  will  be  to 
afford  a  tensile  resistance  and  moment  of  inertia  regardless  of  the 
directions  of  the  belts  practically  the  same  as  that  of  a  continuous 
sheet  of  metal  of  the  same  weight  as  the  total  weight  of  the  crossed  rods. 

The  evidence  of  the  truth  of  the  statement  that  a  fine-grained 
reinforcement  of  belts  of  crossed  rods  in  contact  with  each  other 
affords  approximately  the  same  resistance  to  tension  in  all  directions 
as  a  continuous  sheet  of  metal  of  the  same  total  weight  is  found  in 
the  recorded  results  of  extensometer  measurements  of  load  tests,  but 
these  measurements  show  a  still  further  increase  in  the  resisting 
moments  of  the  steel  due  to  the  fact  that  the  proportion  of  the  total 
bond  shear  that  is  held  in  equilibrium  laterally  by  mutual  coaction 
between  the  reinforcing  rods  is  larger  than  that  held  in  equilibrium 
otherwise. 

It  is  to  be  noted  in  this  statement  that  the  action  of  the  concrete 
by  its  coaction  with  the  reinforcement  is  explicitly  allowed  for,  and 
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no  direct  teruulc  stress  in  it  parallel  with  the  sted  need  be  omnidered. 
The  state  of  stress  here  under  consideration  presupposes  a  maximum 
unit  tensile  stress  in  the  steel  of  5000  ll)s.  or  more.  At 
smaller  unit  stresses  direct  tensile  stresses  in  the  concrete  will  Ik« 
more  or  le«s  in  evidence  and  the  moments  of  inertia  which  express 
thr  momrnts  of  resistance  will  Ik*  larger  for  that  reason. 

A  mean  value  of  the  moment  of  inertia  of  a  panel  width  of  the 
slab  may  Ik*  written  in  the  form 

h'ufjZA        ^ (16) 

in  which  2^4  j>  the  total  cross  section  of  both  sets  of  cros^nl 
rods  parallel  to  the  sides. 

A  somewhat  larger  value  of  l^  which  may  be  used  as  an 
estimate  of  its  largest  possible  value,  which  may  be  use<l  for  purposes 
of  comparison,  may  be  calculate<i  in  taking  j  2.4  =  6i4 1  as  given  in  (41) 
p.  189  of  Concrete  Steel  Construction,  edition  of  1914,  in  which  A |  is 
the  cross  section  of  one  side  hoXi.  Since  (41)  refers  explicitly  to  the 
cross  section  at  the  cap  the  values  of  i,  j  and  d  will  not  be  the  same 
when  (16)  refers  to  this  section  as  when  it  refers,  as  first  proposed, 
to  a  mean  e8timat4*d  section  across  the  panel  any  where.  This 
will  appear  later  in  the  numerical  examples. 

I>et  thtt  supporting  columns  Ik*  of  the  ordinary-  pattern  in  their 
spiral  and  vertical  steel  reinforcements.  In  calculating  the  moment 
of  inertia  of  each  column  two  quite  different  cases  must  Ik*  distin- 
|gkdri|ied  from  each  other,  viz.  The  first  and  most  unusual  case*  is 
wliere  tension  actually  occurs  under  unbalanced  load  in  the  roncrf>te 
in  the  extn-me  filwr  of  the  column  just  Ik»1ow  the  cap.  This 
may  take  place  in  columns  supporting  deck  slabs,  because  the 
total  compH'ssion  in  such  columns  is  lees  than  in  colunwis  having 
several  stories  alnive  them,  and  where  greater  unbalancinl  moments 
are  brought  to  lK>ar  u|K>n  them  because  of  tbe  abeeooe  of  any  columns 
above  the  slab.  In  this  case  of  actual  tension  in  the  extreme  filK*r 
at  that  point  of  the  column  where  the  moment  is  greatest,  the  ten- 
sile resistance  of  the  concn>te  must  be  entirely  neglected,  so  that  in 
calculating  the  moment  of  inertia  of  the  column  the  vertical  ste<>l 
alone  must  be  taken  as  affording  iriuUever  reastance  the  column  as 
a  ti^le  offers  to  the  unbalanced  monmit,  altho  since  in  fact  the 
extrrane  fiber  is  not  in  tension  thniout  the  entire  length  of  the  colunm 
there  may  be  a  somewhat  fpeater  moment  of  inertia  operative  in 
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part  of  the  column  length  than  that  arising  from  vertical  steel  alone. 
The  algebraic  expression  for  the  moment  of  inertia  of  the  vertical 
steel  is 

l2  =  hA2ri (17) 

in  which  As  is  the  cross  sectional  area  of  the  vertical  steel,  and  r^ 
is  the  distance  of  the  axis  of  each  vertical  rod  from  the  axis  of  the 
column.  This  formula  assumes  that  the  moment  of  inertia  of  the 
verticals  is  the  same  as  tho  the  same  amount  of  steel  were  uniformly 
distributed  around  the  column  in  the  form  of  a  thin  cylinder  of 
radius  equal  to  the  distance  of  the  centers  of  the  rods  from  the  axis 
of  the  column,  an  assumption  that  is  correct  for  vertical  rods -equally 
spaced  around  the  inner  circumference  of  the  spiral. 

The  spirals  do  not  add  to  the  moment  of  inertia  because  they  are 
not  under  tension  except  to  a  very  limited  extent  under  ordinary  test 
loading  unless  it  happens  that  during  construction  the  filling  and  re- 
moval of  the  column  forms  has  been  conducted  in  such  a  manner  as 
to  develop  considerable  hydraulic  circumferential  stresses  in  the 
spirals  near  the  column  heads.  Where  that  is  the  case  and  such 
stresses  are  developed  in  the  upper  part  of  the  columns  just  below 
the  column  caps  the  moments  of  inertia  may  be  somewhat  in- 
creased by  the  spiral  steel,  but  the  effect  had  best  be  regarded  as 
part  of  that  included  in  the  reduction  of  length  already  mentioned 
as  negligible. 

It  thus  appears  in  this  first  case  that  the  rigidity  at  0  is  not  only 
reduced  by  the  absence  of  any  column  above  the  slab  but  also  by  a 
reduction  of  the  rigidity  in  the  column  below  by  reason  of  the  in- 
effectiveness of  the  tensile  resistance  of  concrete,  a  condition  of 
things  which,  for  a  given  value  of  Mi,  abnoraially  increases  M^  and 
V,  a  result  of  much  importance  in  the^design  of  deck  slabs  for  bridges, 
etc.,  which  is  further  complicated  by  the  fact  that  these  structures 
are  usually  entirely  made  up  of  outside  or  exterior  panels  in  which 
as  we  have  already  pointed  out  every  load  whatsoever  gives  rise  to 
unbalanced  moments  and  to  no  others. 

The  second  case  is  the  one  usually  occurring  in  practice  where 
the  column  is  in  compression  thruout  every  cross  section  of  its  entire 
length,  and  the  effect  of  the  unbalanced  moment  is  to  increase  to 
some  extent  the  compression  at  one  side  of  the  column  and  decrease 
it  at  the  other.  In  this  case  the  compressions  in  the  concrete  act  in 
parallel  with  those  in  the  vertical  steel,  while  the  effect  of  the  spirals 
may  be  neglected  as  in  the  first  case.  Hence  the  moment  of  resis- 
tance of  the  column  is  the  sum  total  of  that  of  the  vertical  steel  and 
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the  concrete  added  together,  the  steel  being  reckoned  as  was  done  in 
the  first  case  and  the  resistance  of  the  concrete  is  that  due  to  the  full 
outside  <Uanieter  of  the  column,  and  not  merely  that  due  to  the  core 
of  the  coltmin  inside  the  spiral  which  alone  must  Ik*  considcrtnl  in 
testing  columns  to  destruction. 

In  this  case  the  value  of  1 2  to  l)e  employed  in  equations  (12),  (15) 
etc.,  will  consist  of  two  parts  as  follows: 

/2-M.rJ+Mcryn. (18) 

in  which  the  first  part  for  the  steel  is  the  same  as  (17),  and  the  second 
part  for  the  concrete  is  the  product  of  ^4^  the  actual  cross  section  of 
the  concrete  acting  by  \rl  the  square  of  the  radius  of  gyration  of  the 
circular  cross  section  of  the  concrete  having  a  radius  r^.  thl<t  protluct 
iM-iiiK  reduced  to  a  parity  with  steel  by  dividing  it  l)y  n  —  Ee/E.  as 
i-  iirccssary  to  be  done  in  order  to  use  it  in  conjunction  with  any 
moment  of  inertia  of  steel  sections. 

8.  Unbalanced  Test  Loads  and  Modification  of  Slab  Steel 
Stresses  by  Column  Bending  in  Column  Supported  Slabs.  Test 
loatU  applied  to  floors  are  usually  double  the  ratetl  working  load  or 
sometimes  twice  the  working  load  plus  the  amount  of  the  dead  load 
all  applie<l  over  one  or  more  paneb.  llie  loati  is  commonly  placed 
on  four  panels  alx>ut  a  column  and  then  doubled  up  over  two  of  them. 
these  two  being  sometimes  adjacent  to  each  other  side  by  side  antl 
sometimes  acijacent  to  each  other  <liagonally.  Tliese  various  cases 
will  accordingly  l>e  compan"*!  as  to  th(?  amount  of  the  unbalanced 
ments  they  bring  to  bear  upon  the  column^  at  the  edge  of  the 
ami  at  mid  sptin. 

I.     In  a  single  panel  test  the  number  of  supporting  columns  is 

four.    One  quarter  of  the  panel  load  is  an  unbalanced  load  with 

to  each  of  the  four  supporting  columns  an<l  the  temlency  »>f 

of  flu-  columns  is  to  l)end  toward  the  centiT  of  gmvitv  of  the 
load. 

II.  When  four  adjacent  panels  are  loade<l,  there  are  nine  coliuans 
all  told  which  supixirt  the  t4>st  load.  There  is  no  unbalancc<l  load, 
whatever,  alK)Ut  the  central  column.  Each  of  the  four  culunuis  at 
the  middle  of  each  side  has  approximat4*ly  half  a  panel  of  unbalanct^d 
load  Mid  each  comer  colunm  has  an  unlialanced  load  of  one  quarter 
of  a  panel. 

III.  When  the  load  of  Case  II  over  four  panda  is  doubled  up 
on  diagonally  acijaeent  panels  there  are  seven  supi)orting  columns 
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and  no  unbalanced  load  is  brought  upon  the  center  column.  Approxi- 
mately one  quarter  of  a  panel  of  unbalanced  load  is  brought  on  each 
of  the  other  six  supporting  columns. 

IV.  When  the  test  load  covers  two  adjacent  panels  side  by  side 
there  are  six  supporting  columns  and  the  load  is  divided  approxi- 
mately in  such  wise  that  the  unbalanced  load  on  the  two  central 
columns  is  a  half  panel  load,  and  on  each  of  the  other  four  a  quarter 
of  a  panel  load  only.  This  division  being  approximately  exact  for 
fairly  stiff  columns. 

Any  unbalanced  load  causes  an  amount  of  bending  in  the  columns 
that  is  inversely  proportional  to  the  stiffness  of  the  columns  wliich 
last  is  proportional  to  the  moment  of  inertia  of  the  columns.  Thus 
in  a  column  heavily  loaded  by  other  than  the  unbalanced  panel 
load  the  concrete  may  resist  through  its  entire  section  by  a  mere 
shift  (due  to  the  bending)  of  the  intensity  of  the  uniform  compres- 
sion. Where,  however,  the  load,  other  than  the  unbalanced  load  is 
so  small  that  the  bending  brings  tensions  upon  part  of  the  steel  in 
the  cross  section,  the  moment  of  inertia  of  the  column  is  reduced 
to  that  of  the  steel  on  the  tension  side  and  the  stiffness  of  the  column 
is  reduced  in  proportion  to  the  reduction  of  the  moment  of  inertia. 
Any  such  reduction  of  the  moment  of  inertia  increases  the  angle  v. 

It  is  perfectly  possible  to  apply  the  methods  of  analysis  that 
have  been  employed  in  this  chapter  to  each  and  all  of  these  cases  to 
derive  exact  solutions  for  them.  The  following  method,  however, 
will  bring  out  points  of  importance  with  sufficient  accuracy  to  per- 
mit of  the  comparison  of  the  effects  of  the  several  cases  of  test  load- 
ing that  have  been  enumerated. 

In  case  of  an  unbalanced  moment  lat  the  edge  of  a  load  such  as 
arises  in  cases  I  to  IV  where  the  moments  of  inertia  of  the  support- 
ing columns  are  so  large  in  proportion  to  that  of  the  panel  itself  as 
to  afford  nearly  perfect  restraint  at  the  edge  of  the  load,  it  is  possible 
to  make  a  close  estimate  of  the  relative  magnitudes  of  the  unbalanced 
moments  produced  at  mid  span  in  the  several  cases  previously 
described.  The  magnitudes  of  these  unbalanced  moments  at  mid 
span  are  independent  of  the  magnitude  of  the  total  moments  at 
mid  span,  and  refer  only  to  the  corrections  that  are  to  be  made  to 
the  values  they  would  have  were  all  panels  uniformly  loaded,  by 
reason  of  the  load  being  confined  to  one,  two  or  four  panels  as  des- 
cribed in  Cases  I  to  IV  instead  of  being  uniformly  distributed^  on 
all  panels.  At  the  edge  of  a  load  next  to  a  column  the  difference 
between  the  moment  that  actually  exists  and  that  which  would 
exist  were  all  panels  equally  loaded  is  the  unbalanced  moment  and 
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the  slope  of  the  slab  and  column  by  some  angle  r  which 
is  directly  proportional  to  the  magnitude  of  the  unlialanced  moment, 
Ijeing  the  direct  effect  ami  meafmre  of  its  action. 

A  change  of  slope  at  a  cohiinii  at  one  e<lge  of  a  tef^t  load  which 
is  due  to  an  unlmlanced  moment  at  the  |K)int  will  produce  a  change 
of  slope  throut  the  span  which  will  gradually  diminish  in  amount 
tr>  the  opposite  colunm  if  there  is  none  at  that  column.  The  clrnnge 
of  slope  will  diminish  unifonnly  to  the  column  opposite  and  the 
rhange  of  s1oik>  at  mid  span  will  Ix'  half  that  at  the  etlge,  if  we  assume 
that  the  moment  of  inertia  is  practically  constant  thruout  the  span. 
Hence  the  unbal^ncinl  moment  at  mid  span  will  Ix*  half  that  intro- 
<luced  at  the  edge. 

In  case  II  where  four  atijacent  panels  are  loadeil  the  unbalanced 
load  will  have  approximately  twice  as  great  an  effect  to  bend  each 
of  the  four  columns  at  the  middles  of  the  sides  toward  the  center 
column  as  it  will  have  to  l)end  the  corner  columns  in  the  same  direc- 
tions. But  each  comer  column  being  subjectcni  sinuiltan(>ou.Hly  to 
two  flexures  at  right  angles  to  each  other,  vaW  have  a  resultant  bend- 
ing toward  the  center  column  such  that  if  v  designate  the  l)ending 
of  a  column  at  the  middle  of  a  side  and  ^v  that  component  of  the 
U'liding  of  a  corner  column  that  is  parallel  to  it,  then  p/V2  is  the 
n-j^ultant  In'mling  toward  the  center  column  of  a  comer  column. 

In  Cast-  III  when  half  the  loa<ling  of  Case  II  has  been  removed 
by  taking  the  loa<l  from  two  fliagonal  panels  of  the  four  loaded  in 
Case  II  it  is  evident  that  each  si<le  colunm  in  C^'ase  II  owes  one  half 
of  ita  bending  v  to  one  pair  of  diagonal  panel  loads  and  one  half  to 
[t^  '  pair.  It  is  ther(>fore  clear  that  in  Cas(>  III  each  of  the  seven 
fsi  ,  ,  !ig  columns  except  the  center  one  is  lient  appraxinuttely  in 
the  direction  of  each  of  the  sides  by  an  amount  >-  )r  and  to  a  resultant 
amount  »»c/V2   toward  the  cent<'r  of  th<'  loaded  panel  it  supjwrts. 

In  Case  I  the  same  may  l>e  taken  as  tmc  respecting  each  of  the 
four  supporting  columns  but  in  thia  caae  the  apjpotite  slopes  at  mid 
m  canc<>l  (>ach  other  so  that  no  unbalanced  moment  exists  in  this 
at  mi<l  s))an.  Nevertheless,  the  resultant  iH'nding  moment  at 
nii<l  span  lias  U'en  increased  by  half  the  sum  of  the  unbalanced  bend- 
ing moments  at  the  edges  of  the  panel. 

In  Cas4>  \\  of  two  a<ljaccnt  panels  on  six  colunuis  the  tietiding 
at  the  four  corner  columns  is  approximately  \v  in  each  dinn'tion, 
but  at  the  two  middle  columns  it  is  r  towards  each  other  from  which 
results  the  unbalanced  moments  at  mid  span  and  edipw  of  load  are 
seen  in  all  them  cum  to  be  meMurod  either  by  v  or  |v  in  the  direction 
of  the  sides. 
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ADVANCE  NOTICE 

SECTION  IV  WILL  BE  DEVOTED  TO 
ANALYSIS  OF  COLUMNS,  COMPRESSION 
MEMBERS  OR  STRUTS  OF  REINFORCED 
CONCRETE  AND  STRUCTURAL  STEEL,  DIS- 
CUSSION OF  FASTENINGS  AND  SKEW  DE- 
TAILS, ROOF  AND  BRIDGE  WORK. 

SECTION  V  WILL  DEAL  WITH  ECONOM- 
IC THEORY  OF  TRIANGULATION  OF  FRAME 
STRUCTURES. 
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